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Abstract. The present paper provides the details omitted from the more concise study
“On the zeros of Eisenstein series for Γ∗0(5) and Γ
∗
0(7).”
We locate almost all of the zeros of the Eisenstein series associated with the Fricke
groups of level 5 and 7 in their fundamental domains by applying and extending the
method of F. K. C. Rankin and H. P. F. Swinnerton-Dyer (1970). We also use the
arguments of some terms of the Eisenstein series in order to improve existing error bounds.
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1. Introduction
In a previous, more concise presentation of this material in “On the zeros of Eisenstein series for Γ∗0(5)
and Γ∗0(7).” [SJ], some parts of some of the proofs were omitted for brevity. While some of these proofs
rely on elementary methods, others require more complex methods. The present study thus presents the
details of these proofs, and it is hoped it will be of interest to those who read the original paper.
F. K. C. Rankin and H. P. F. Swinnerton-Dyer considered the problem of locating the zeros of the
Eisenstein series Ek(z) in the standard fundamental domain F [RSD]. They proved that all of the zeros of
Ek(z) in F lie on the unit circle. They also stated towards the end of their study that “This method can
equally well be applied to Eisenstein series associated with subgroups of the modular group.” However,
it seems unclear how widely this claim holds.
Subsequently, T. Miezaki, H. Nozaki, and the present author considered the same problem for the
Fricke group Γ∗0(p) (See [K], [Q]), and proved that all of the zeros of the Eisenstein series E
∗
k,p(z) in a
certain fundamental domain lie on a circle whose radius is equal to 1/
√
p, p = 2, 3 [MNS].
The Fricke group Γ∗0(p) is not a subgroup of SL2(Z), but it is commensurable with SL2(Z). For a fixed
prime p, we define Γ∗0(p) := Γ0(p) ∪ Γ0(p)Wp, where Γ0(p) is a congruence subgroup of SL2(Z).
Let k > 4 be an even integer. For z ∈ H := {z ∈ C ; Im(z) > 0}, let
(1) E∗k,p(z) :=
1
pk/2 + 1
(
pk/2Ek(pz) + Ek(z)
)
be the Eisenstein series associated with Γ∗0(p). (cf. [SG])
Henceforth, we assume that p = 5 or 7. The region†
F∗(p) := {|z| > 1/√p, |z + 1/2| > 1/(2√p), −1/2 6 Re(z) 6 0}⋃
{|z| > 1/√p, |z − 1/2| > 1/(2√p), 0 6 Re(z) < 1/2}(2)
is a fundamental domain for Γ∗0(p). (cf. [SH], [SE]) Define A
∗
p := F
∗(p)∩{z ∈ C ; |z| = 1/√p or |z±1/2| =
1/(2
√
p)}.
In the present paper, we will apply the method of F. K. C. Rankin and H. P. F. Swinnerton-Dyer (RSD
Method) to the Eisenstein series associated with Γ∗0(5) and Γ
∗
0(7). We have the following conjectures:
Conjecture 1.1. Let k > 4 be an even integer. Then all of the zeros of E∗k,5(z) in F
∗(5) lie on the arc
A∗5.
Date: December 18, 2006.
†In [SJ], there is a mistake on the definition of F∗(p). The definition in this paper is correct. We thank Prof. Rainer
Schulze-Pillot for pointing it out.
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Conjecture 1.2. Let k > 4 be an even integer. Then all of the zeros of E∗k,7(z) in F
∗(7) lie on the arc
A∗7.
First, we prove that all but at most 2 zeros of E∗k,p(z) in F
∗(p) lie on the arc A∗p (See Subsection 4.2
and 5.2). Second, if (24/(p + 1)) | k, we prove that all of the zeros of E∗k,p(z) in F∗(p) lie on A∗p (See
Subsection 4.3 and 5.3).
We can then prove that if (24/(p + 1)) ∤ k, all but one of the zeros of E∗k,p(z) in F
∗(p) lie on A∗p.
Furthermore, let α5 ∈ [0, pi] (resp. α7 ∈ [0, pi]) be the angle that satisfies tanα5 = 2 (resp. tanα7 = 5/
√
3),
and let αp,k ∈ [0, pi] be the angle that satisfies αp,k ≡ k(pi/2 + αp)/2 (mod pi). Then, since αp is
an irrational multiple of pi, αp,k appear uniformly in the interval [0, pi] for all even integers k > 4.
In Subsection 4.4, we prove that all of the zeros of E∗k,5(z) in F
∗(5) are on A∗5 if α5,k < (116/180)pi
or (117/180)pi < α5,k. That is, we prove about 179/180 of Conjecture 1.1. Similarly, in Subsection
5.4 and 5.5, we prove that all of the zeros of E∗k,7(z) in F
∗(7) are on A∗7 if “α7,k < (127.68/180)pi or
(128.68/180)pi < α7,k for k ≡ 2 (mod 6)” or “α7,k < (108.5/180)pi or (109.5/180)pi < α7,k for k ≡ 4
(mod 6)”. Thus we can also prove about 179/180 of Conjecture 1.2.
In [RSD], we considered a bound for the error terms R1 (see bound (10) therein) in terms only of their
absolute values. However, in the present paper, we also use the arguments of some of the terms in the
series. We can then approach the exact value of the Eisenstein series.
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Figure 1. Fundamental Domains of Γ∗0(5) and Γ
∗
0(7)
2. General Theory
2.1. Preliminaries. We refer the reader to [SH] and [SE], and to [SJM] for further details.
Let Γ be a discrete subgroup of SL2(R). We define P := {( 1 x0 1 ) ; x ∈ R}, and we assume that
Γ ∩ P \ {±I} 6= φ. Let vp(f) be the order of a modular function f at a point p.
2.1.1. Fundamental Domain. Let h := min{x > 0 ; ( 1 x0 1 ) ∈ Γ} be the width of Γ. Then, we define
F0,Γ :=
{
z ∈ H ; −h/2 < Re(z) < h/2 , |cz + d| > 1 for all γ = ( a bc d ) ∈ Γ \ P} .
Furthermore, we have a fundamental domain of Γ, FΓ which satisfies
F0,Γ ⊂ FΓ ⊂ F0,Γ.
In this method, we have only to consider the following condition:
(C) |cz + d| > 1 for all γ = ( a bc d ) ∈ Γ \ P.
Now, let Γ = Γ∗0(p) for p = 5, 7. Then, the condition (C) is equivalent to
(Cp) |z| > 1/√p and |z ± 1/2| > 1/2√p.
In conclusion, we have that F∗(p) is a fundamental domain for Γ∗0(p) for p = 5, 7.
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2.1.2. Eisenstein series. Let Γ∞ := Γ ∩ P , and let
(3) EΓk,∞ := e
∑
γ∈Γ∞\Γ
(cz + d)−k z ∈ H
be the Eisenstein series associated with Γ for the cusp∞, where e is a fixed number which is often chosen
so that the constant term of the Fourier expansion of EΓk,∞ at ∞ is equal to 1.
Now, let Γ = Γ∗0(p) for a prime p. In order to consider Γ∞\Γ∗0(p), we need to consider γ =
(
a b
c d
) ∈ Γ0(p)
and γWp =
(
b
√
p a/
√
p
d
√
p c/
√
p
)
∈ Γ0(p)Wp. Thus, we have only to consider the pairs (c, d) and (d√p, c/√p).
Then, we have
E
Γ∗
0
(p)
k,∞ =
1
2
∑
(c,d)=1
p|c
(cz + d)−k +
pk/2
2
∑
(c,d)=1
p|d
(c(pz) + d)−k
as the Eisenstein series associated with Γ∗0(p) for the cusp ∞. Furthermore, it is easy to show that
E∗k,p = E
Γ∗
0
(p)
k,∞ (cf. Eq. (1)). We can use each form as a definition.
2.1.3. Γ∗0(5). We define
A∗5,1 := {z ; |z| = 1/
√
5, pi/2 < Arg(z) < pi/2 + α5},
A∗5,2 := {z ; |z + 1/2| = 1/(2
√
5), α5 < Arg(z) < pi/2}.
Then, A∗5 = A
∗
5,1 ∪ A∗5,2 ∪ {i/
√
5, ρ5,1, ρ5,2}, where ρ5,1 := −1/2 + i/
(
2
√
5
)
and ρ5,2 := −2/5 + i/5.
Let f be a modular form for Γ∗0(5) of weight k, and let k ≡ 2 (mod 4). Then, we have
f(i/
√
5) = f(W5 i/
√
5) = ikf(i/
√
5) = −f(i/
√
5),
f(ρ5,1) = f(
(
1 −1
0 1
) (−2 1
−5 2
)
W5 ρ5,1) = i
kf(ρ5,1) = −f(ρ5,1),
f(ρ5,2) = f(
(−2 1
−5 2
)
ρ5,2) = i
kf(ρ5,2) = −f(ρ5,2).
We have further that f(i/
√
5) = f(ρ5,1) = f(ρ5,2) = 0, and so vi/
√
5(f) > 1, vρ5,1(f) > 1, and vρ5,2 (f) > 1.
Let k be an even integer such that k ≡ 0 (mod 4). Then, we have
E∗k,5
(
i√
5
)
=
2 · 5k/2
5k/2 + 1
Ek(
√
5i) 6= 0
E∗k,5(ρ5,1) =
2 · 5k/2
5k/2 + 1
Ek
(
−1
2
+
√
5
2
i
)
6= 0
E∗k,5(ρ5,2) =
1
5k/2 + 1
(5k/2 + (2 + i)k)Ek(i) 6= 0.
Thus, vi/
√
5(E
∗
k,5) = vρ5,1 (E
∗
k,5) = vρ5,2(E
∗
k,5) = 0.
2.1.4. Γ∗0(7). We define
A∗7,1 := {z ; |z| = 1/
√
7, pi/2 < Arg(z) < pi/2 + α7},
A∗7,2 := {z ; |z + 1/2| = 1/(2
√
7), α7 − pi/6 < Arg(z) < pi/2}.
Then, we have A∗7 = A
∗
7,1 ∪ A∗7,2 ∪ {i/
√
7, ρ7,1, ρ7,2}, where ρ7,1 := −1/2 + i/
(
2
√
7
)
and ρ7,2 :=
−5/14 +√3i/14.
Let f be a modular form for Γ∗0(7) of weight k, and let k ≡ 2 (mod 4). Then, we have
f(i/
√
7) = f(W7 i/
√
7) = ikf(i/
√
7) = −f(i/
√
7),
f(ρ7,1) = f(( 1 10 1 )
(−3 −1
7 2
)
W7 ρ7,1) = i
kf(ρ7,1) = −f(ρ7,1).
Thus, f(i/
√
7) = f(ρ7,1) = 0, and so vi/
√
7(f) > 1 and vρ7,1 (f) > 1. On the other hand, let k 6≡ 0
(mod 6). Then, we have
f(ρ7,2) = f(
(−3 −1
7 2
)
ρ7,2) = (e
i2pi/3)kf(ρ7,2).
Thus f(ρ7,2) = 0, and so vρ7,2(f) > 1.
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Let k be an even integer such that k ≡ 0 (mod 4). Then, we have
E∗k,7
(
i√
7
)
=
2 · 7k/2
7k/2 + 1
Ek(
√
7i) 6= 0,
E∗k,7(ρ7,1) =
2 · 7k/2
7k/2 + 1
Ek
(
−1
2
+
√
7
2
i
)
6= 0.
Thus, vi/
√
7(E
∗
k,7) = vρ7,1(E
∗
k,7) = 0. On the other hand, let k be an even integer such that k ≡ 0
(mod 6). Then, we have
E∗k,7(ρ7,2) =
1
7k/2 + 1

7k/2 +
(
5 +
√
3i
2
)kEk(ρ) 6= 0.
Thus, vρ7,2 (E
∗
k,7) = 0.
2.2. Valence Formula. In order to determine the location of zeros of E∗k,p(z) in F
∗(p), we need the
valence formula for Γ∗0(p).
Proposition 2.1. Let f be a modular function of weight k for Γ∗0(5), which is not identically zero. We
have
(4) v∞(f) +
1
2
vi/
√
5(f) +
1
2
vρ5,1 (f) +
1
2
vρ5,2(f) +
∑
p∈Γ∗
0
(5)\H
p6=i/√5,ρ5,1,ρ5,2
vp(f) =
k
4
.
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1
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Proof. Let f be a nonzero modular function of weight k for Γ∗0(5), and let C be the contour of its
fundamental domain F∗(5) represented in Figure 2, whose interior contains every zero and pole of f
except for i/
√
5, ρ5,1, and ρ5,2. By the Residue theorem, we have
1
2pii
∫
C
df
f
=
∑
p∈Γ∗
0
(5)\H
p6=i/√5,ρ5,1,ρ5,2
vp(f).
Similar to the proof of valence formula for SL2(Z), (See [SE])
(i) For the arc GA, we have
1
2pii
∫ A
G
df
f
= −v∞(f).
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(ii) For the arcs BB′, CC′, DD′, EE′, and FF ′, in the limit as the radii of each arc tends to 0, we have
1
2pii
∫ B′
B
df
f
=
1
2pii
∫ F ′
F
df
f
→ −1
4
vρ5,1 (f),
1
2pii
∫ C′
C
df
f
=
1
2pii
∫ E′
E
df
f
→ −1
4
vρ5,2 (f),
1
2pii
∫ D′
D
df
f
→ −1
2
vi/
√
5(f).
(iii) For the arcs AB and F ′G, since f(Tz) = f(z) for T = ( 1 10 1 ),
1
2pii
∫ B
A
df
f
+
1
2pii
∫ G
F ′
df
f
= 0.
(iv) For the arcs C′D and D′E, since f(W5z) = (
√
5z)kf(z), we have
df(W5z)
f(W5z)
= k
dz
z
+
df(z)
f(z)
.
In the limit as the radii of the arcs CC′, DD′, EE′ tend to 0,
1
2pii
∫ D
C′
df(z)
f(z)
+
1
2pii
∫ E
D′
df(z)
f(z)
=
1
2pii
∫ D
C′
(
−kdz
z
)
→ k θ1
2pi
,
where tan θ1 = 2.
Similarly, for the arcs B′C and E′F , since f
((−2 1
−5 2
)
W5z
)
= (2
√
5z +
√
5)kf(z), we have
df
((−2 1
−5 2
)
W5z
)
f
((−2 1
−5 2
)
W5z
) = k dz
z + 1/2
+
df(z)
f(z)
.
In the limit as the radii of the arcs CC′, DD′, EE′ tend to 0,
1
2pii
∫ C
B′
df(z)
f(z)
+
1
2pii
∫ F
E′
df(z)
f(z)
=
1
2pii
∫ C
B′
(
−k dz
z + 1/2
)
→ k θ2
2pi
,
where tan θ1 = 1/2.
Thus, since θ1 + θ2 = pi/2,
k
θ1
2pi
+ k
θ2
2pi
=
k
4
.

Proposition 2.2. Let f be a modular function of weight k for Γ∗0(7), which is not identically zero. We
have
(5) v∞(f) +
1
2
vi/
√
7(f) +
1
2
vρ7,1 (f) +
1
3
vρ7,2(f) +
∑
p∈Γ∗
0
(7)\H
p6=i/√7,ρ7,1,ρ7,2
vp(f) =
k
3
.
The proof of above proposition is very similar to that for Proposition 2.1.
2.3. Some Eisenstein series of low weights. The location of the zeros of the Eisenstein series E∗k,5
in F∗(5) for 4 > k > 10 are follows (See Proposition 4.1):
k v∞ vi/√5 vρ5,1 vρ5,2 V
∗
5,1 V
∗
5,2
4 0 0 0 0 1 0
6 0 1 1 1 0 0
8 0 0 0 0 1 1
10 0 1 1 1 1 0
where V ∗5,n denotes the number of simple zeros of the Eisenstein series E
∗
k,5 on the arc A
∗
5,n for n = 1, 2.
Similarly, the location of the zeros of the Eisenstein series E∗k,7 in F
∗(7) for k = 4, 6, and 12 are follows
(See Proposition 5.1):
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k v∞ vi/√7 vρ7,1 vρ7,2 V
∗
7
4 0 0 0 1 1
6 0 1 1 0 1
12 0 0 0 0 4
where V ∗7 denote the number of simple zeros of the Eisenstein series E
∗
k,7 on A
∗
7,1 ∪ A∗7,2.
2.4. The space of modular forms.
2.4.1. Γ∗0(5). Let M
∗
k,5 be the space of modular forms for Γ
∗
0(5) of weight k, and let M
∗0
k,5 be the space
of cusp forms for Γ∗0(5) of weight k. Consider the map M
∗
k,5 ∋ f 7→ f(∞) ∈ C. The kernel of this map is
M∗0k,5, so dim(M
∗
k,5/M
∗0
k,5) 6 1, and M
∗
k,5 = CE
∗
k,5 ⊕M∗0k,5.
Note that ∆5 = η
4(z)η4(5z) is a cusp form for Γ∗0(5) of weight 4, where η(z) is the Dedekind’s η-
function. We have the following theorem:
Theorem 2.1. Let k be an even integer.
(1) For k < 0 and k = 2, M∗k,5 = 0.
(2) For k = 0 and 6, we have M∗0k,5 = 0, and dim(M
∗
k,5) = 1 with a base E
∗
k,5.
(3) M∗0k,5 = ∆5M
∗
k−4,5.
The proof of above theorem is very similar to that for SL2(Z). Furthermore, for an even integer
k > 4, dim(M∗k,5) = (k − 2)/4 if k ≡ 2 (mod 4), and dim(M∗k,5) = k/4 + 1 if k ≡ 0 (mod 4). We have
M∗k,5 = CE
∗
k−4n,5(E
∗
4,5)
n ⊕M∗0k,5. Then,
M∗4n,5 = C(E
∗
4,5)
n ⊕ C(E∗4,5)n−1∆5 ⊕ · · · ⊕ C∆n5 ,
M∗4n+6,5 = E
∗
6,5((E
∗
4,5)
n ⊕ C(E∗4,5)n−1∆5 ⊕ · · · ⊕ C∆n5 )
Thus, for every p ∈ H and for every f ∈M∗k,5, vp(f) > vp(E∗k−4n,5).
Finally, we have the following proposition:
Proposition 2.3. Let k > 4 be an even integer. For every f ∈M∗k,5, we have
vi/
√
5(f) > sk, vρ5,1(f) > sk, vρ5,2(f) > sk
(sk = 0, 1 such that 2sk ≡ k (mod 4)).
(6)
2.4.2. Γ∗0(7). Let M
∗
k,7 be the space of modular forms for Γ
∗
0(7) of weight k, and let M
∗0
k,7 be the space of
cusp forms for Γ∗0(7) of weight k. Then, we have M
∗
k,7 = CE
∗
k,7 ⊕M∗0k,7.
Note that ∆7 = η
6(z)η6(7z) is a cusp form for Γ0(7) of weight 6, and (∆7)
2 is a cusp form for Γ∗0(7)
of weight 12. We also have E2,7
′(z) = (7E2(7z) − E2(z))/6 which is a modular form for Γ0(7) with
vρ7,2 (E2,7
′) = 2 and vp(E2,7′) = 0 for every p 6= ρ7,2. Furthermore, because we have E2,7′(W7z) =
−(√7z)2E2,7′(z), (E2,7′)2 is a modular form for Γ∗0(7) of weight 4.
We have the following theorem:
Theorem 2.2. Let k be an even integer.
(1) For k < 0 and k = 2, M∗k,7 = 0. We have M
∗
0,7 = C.
(2) For k = 4, 6, we have M∗0k,7 = C∆7,k.
(3) For k = 8, 10, we have M∗0k,7 = C∆
0
7,k ⊕ C∆17,k.
(4) We have M∗012,7 = C∆
0
7,12 ⊕ C∆17,12 ⊕ C∆27,12 ⊕ C∆37,12.
(5) We have M∗014,7 = C∆
0
7,14 ⊕ C∆17,14 ⊕ C∆27,14.
(6) M∗0k,7 =M
∗0
12,7M
∗
k−12,7.
where ∆7,4 := (5/16)((E2,7
′)2 −E∗4,7), ∆07,10 := (559/690)((41065/137592)(E∗4,7E∗6,7−E∗10,7)−E∗6,7∆7,4),
∆7,6 := ∆
0
7,10/∆7,4, ∆
0
7,8 := (∆7,4)
2, ∆17,8 := E
∗
4,7∆7,4, ∆
1
7,10 := E
∗
6,7∆7,4, ∆
0
7,12 := (∆7)
2, ∆17,12 :=
(∆7,4)
3, ∆27,12 := E
∗
4,7(∆7,4)
2, ∆37,12 := (E
∗
4,7)
2∆7,4, ∆
0
7,14 := ∆7,4∆
0
7,10, ∆
1
7,14 := E
∗
6,7(∆7,4)
2, and
∆27,14 := E
∗
4,7E
∗
6,7∆7,4.
The proof of this theorem is similar to that for Theorem 2.1. Regarding the orders of zeros of the basis
for M∗k,7, we have the following table:
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k f v0 v1 v2 v3 V
∗
7 k f v0 v1 v2 v3 V
∗
7
4 E∗4,7 0 0 0 1 1 12 E
∗
12,7 0 0 0 0 4
(E2,7
′)2 0 0 0 4 0 ∆07,12 4 0 0 0 0
∆7,4 1 0 0 1 0 ∆
1
7,12 3 0 0 3 0
6 E∗6,7 0 1 1 0 1 ∆
2
7,12 2 0 0 3 1
∆7,6 1 1 1 0 0 ∆
3
7,12 1 0 0 3 2
8 (E∗4,7)
2 0 0 0 2 2 14 (E∗4,7)
2E∗6,7 0 1 1 2 3
∆07,8 2 0 0 2 0 ∆
0
7,14 3 1 1 2 0
∆17,8 1 0 0 2 1 ∆
1
7,14 2 1 1 2 1
10 E∗4,7E
∗
6,7 0 1 1 1 2 ∆
2
7,14 1 1 1 2 2
∆07,10 2 1 1 1 0
∆17,10 1 1 1 1 1
where V ∗7 denotes the number of simple zeros of the Eisenstein series E
∗
k,7 on A
∗
7,1∪A∗7,2, and let v0 := v∞,
v1 := vi/
√
7, v2 := vρ7,1 , and v3 := vρ7,2 .
Define m7(k) :=
⌊
k
3 − t2
⌋
, where t = 0, 2 is chosen so that t ≡ k (mod 4). Then, we have dim(M∗0k,7) =
m7(k) and dim(M
∗
k,7) = m7(k) + 1. We have M
∗
k,7 = CE
∗
k−12n,7(E
∗
4,7)
3n ⊕M∗0k,7. Then
M∗k,7 = E
∗
k−12n,7
{
C(E∗4,7)
3n ⊕ (E∗4,7)3(n−1)M∗012,7 ⊕ (E∗4,7)3(n−2)(M∗012,7)2 ⊕ · · · ⊕ (M∗012,7)n
}
⊕M∗0k−12n,7(M∗012,7)n
Thus, for every p ∈ H and for every f ∈M∗k,7, vp(f) > vp(E∗k−12n,7).
Finally, we have the following proposition:
Proposition 2.4. Let k > 4 be an even integer. For every f ∈M∗k,7, we have
vi/
√
7(f) > sk, vρ7,1 (f) > sk (sk = 0, 1 such that 2sk ≡ k (mod 4)),
vρ7,2 (f) > tk (sk = 0, 1, 2 such that − 2tk ≡ k (mod 6)).
(7)
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3. The method of Rankin and Swinnerton-Dyer
3.1. RSD Method. Let k > 4 be an even integer. For z ∈ H, we have
(8) Ek(z) =
1
2
∑
(c,d)=1
(cz + d)−k.
Moreover, we have F = {|z| > 1, −1/2 6 Re(z) 6 0} ∪ {|z| > 1, 0 6 Re(z) < 1/2}.
At the beginning of the proof in [RSD], F. K. C. Rankin and H. P. F. Swinnerton-Dyer considered the
following series:
(9) Fk(θ) := e
ikθ/2Ek
(
eiθ
)
,
which is real for all θ ∈ [0, pi]. Considering the four terms with c2 + d2 = 1, they proved that
(10) Fk(θ) = 2 cos(kθ/2) +R1,
where R1 denotes the remaining terms of the series. Moreover they showed |R1| < 2 for all k > 12.
If cos(kθ/2) is +1 or −1, then Fk(2mpi/k) is positive or negative, respectively. We can then show the
existence of the zeros. In addition, we can prove for all of the zeros by Valence Formula and the theory
on the space of modular forms for SL2(Z).
3.2. The function: F ∗k,p,n. We expect that all of the zeros of the Eisenstein series E
∗
k,p(z) in F
∗(p) lie
on the arcs eiθ/
√
p and eiθ/(2
√
p)− 1/2, which form the boundary of the fundamental domain in Figure
1.
We define
F ∗k,p,1(θ) := e
ikθ/2E∗k,p
(
eiθ/
√
p
)
.(11)
F ∗k,p,2(θ) := e
ikθ/2E∗k,p
(
eiθ/2
√
p− 1/2) .(12)
We consider an expansion of F ∗k,p,1(θ). Then, we have
F ∗k,p,1(z) =
eikθ/2
2
∑
(c,d)=1
p|c
(ceiθ/
√
p+ d)−k +
pk/2eikθ/2
2
∑
(c,d)=1
p|d
(c(peiθ/
√
p) + d)−k
=
1
2
∑
(c,d)=1
p∤d
(de−iθ/2 +
√
pc′eiθ/2)−k +
1
2
∑
(c,d)=1
p∤c
(ceiθ/2 +
√
pd′e−iθ/2)−k.
Similarly, we consider an expansion of F ∗k,p,2(θ). When p | c, then we can write c = c′p for ∃c′ ∈ Z,
and have that p ∤ d. Further, when p | d, then we have p ∤ c and d = d′p for ∃d′ ∈ Z. Thus
F ∗k,p,2(z) =
eikθ/2
2
∑
(c,d)=1
p|c
(
c
(
eiθ
2
√
p
− 1
2
)
+ d
)−k
+
pk/2eikθ/2
2
∑
(c,d)=1
p|d
(
cp
(
eiθ
2
√
p
− 1
2
)
+ d
)−k
=
1
2
∑
(c,d)=1
p∤d
(
2d− c′p
2
e−iθ/2 +
c′
2
√
peiθ/2
)−k
+
1
2
∑
(c,d)=1
p∤c
(
c
2
eiθ/2 +
2d′ − c
2
√
pe−iθ/2
)−k
.
Now, we divide the terms into two cases, namely those terms for which 2 | c and those terms for which
2 ∤ c. Note that the parities of c and c′ are the same.
For the case 2 | c, we can write c′ = 2c′′ and c = 2c′′′ for ∃c′′, c′′′ ∈ Z. Then
1
2
∑
(c,d)=1
p∤d
(
(d− c′′p)e−iθ/2 + c′′√peiθ/2
)−k
+
1
2
∑
(c,d)=1
p∤c
(
c′′′eiθ/2 + (d′ − c′′′)√pe−iθ/2
)−k
.
Then, we have (d− c′′p, c′′) = 1, p ∤ d− c′′p, 2 | (d− c′′)c′′, and (c′′′, d′ − c′′′) = 1, p ∤ c′′′, 2 | c′′′(d′ − c′′′).
For the other case 2 ∤ c,
2k
2
∑
(c,d)=1
p∤d
(
(2d− c′p)e−iθ/2 + c′√peiθ/2
)−k
+
2k
2
∑
(c,d)=1
p∤c
(
ceiθ/2 + (2d′ − c)√pe−iθ/2
)−k
.
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Then, we have (2d− c′p, c′) = 1, p ∤ 2d− c′p, 2 ∤ (2d− c′)c′, and (c, 2d′ − c) = 1, p ∤ c, 2 ∤ c(d′ − c).
In conclusion, we have the following expressions:
(13) F ∗k,p,1(θ) =
1
2
∑
(c,d)=1
p∤c
(ceiθ/2 +
√
pde−iθ/2)−k +
1
2
∑
(c,d)=1
p∤c
(ce−iθ/2 +
√
pdeiθ/2)−k.
F ∗k,p,2(θ) =
1
2
∑
(c,d)=1
p∤c 2|cd
(
ceiθ/2 + d
√
pe−iθ/2
)−k
+
1
2
∑
(c,d)=1
p∤c 2|cd
(
ce−iθ/2 + d
√
peiθ/2
)−k
+
2k
2
∑
(c,d)=1
p∤c 2∤cd
(
ceiθ/2 + d
√
pe−iθ/2
)−k
+
2k
2
∑
(c,d)=1
p∤c 2∤cd
(
ce−iθ/2 + d
√
peiθ/2
)−k
.
(14)
The above expressions can thus be used as definitions. Note that (ceiθ/2+
√
pde−iθ/2)−k and (ce−iθ/2+√
pdeiθ/2)−k are a complex conjugate pair for any pair (c, d). Thus, we have the following proposition:
Proposition 3.1. F ∗k,p,1(θ) is real, for all θ ∈ [0, pi].
Proposition 3.2. F ∗k,p,2(θ) is real, for all θ ∈ [0, pi].
Now, we have
ρ5,2 = −2
5
+
i
5
=
ei(pi/2+α5)√
5
=
eiα5
2
√
5
− 1
2
,
and
F ∗k,5,1(pi/2 + α5) = e
ik(pi/2+α5)/2E∗k,5(ρ5,2),
F ∗k,5,2(α5) = e
ikα5/2E∗k,5(ρ5,2).
Next, we define
F ∗k,5(θ) =
{
F ∗k,5,1(θ) pi/2 6 θ 6 pi/2 + α5
F ∗k,5,2(θ − pi/2) pi/2 + α5 6 θ 6 pi
.
Then, F ∗k,5 is continuous in the interval [pi/2, pi]. Note that F
∗
k,5,1(pi/2 + α5) = e
i(pi/2)k/2F ∗k,5,2(α5).
Similarly, we have
ρ7,2 = − 5
14
+
√
3i
14
=
ei(pi/2+α7)√
7
=
ei(α7−pi/6)
2
√
7
− 1
2
.
Thus, we define
F ∗k,7(θ) =
{
F ∗k,7,1(θ) pi/2 6 θ 6 pi/2 + α7
F ∗k,7,2(θ − 2pi/3) pi/2 + α7 6 θ 6 7pi/6
.
Then, F ∗k,7 is continuous in the interval [pi/2, 7pi/6]. Note that F
∗
k,7,1(pi/2 + α7) = e
i(2pi/3)k/2F ∗k,7,2(α7 −
pi/6).
3.3. Application of RSD Method. Note that we denote by N := c2 + d2. Let vk(c, d, θ) := |ceiθ/2 +√
pde−iθ/2|−k, then vk(c, d, θ) = 1/
(
c2 + pd2 + 2
√
pcd cos θ
)k/2
, and vk(c, d, θ) = vk(−c,−d, θ).
First, we consider the case of N = 1. For this case, we can write:
F ∗k,p,1(θ) = 2 cos(kθ/2) +R
∗
p,1,(15)
F ∗k,p,2(θ) = 2 cos(kθ/2) +R
∗
p,2(16)
where R∗p,1 and R
∗
p,2 denote terms for which N > 1 of F
∗
k,p,1 and F
∗
k,p,2, respectively.
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3.3.1. For Γ∗0(5). For R
∗
5,1, we will consider the following cases: N = 2, 5, 10, 13, 17, and N > 25.
Considering −2/√5 6 cos θ 6 0, we have the following:
When N = 2, vk(1, 1, θ) 6 (1/2)
k/2, vk(1,−1, θ) 6 (1/6)k/2.
When N = 5, vk(1, 2, θ) 6 (1/13)
k/2, vk(1,−2, θ) 6 (1/21)k/2,
vk(2, 1, θ) 6 1, vk(2,−1, θ) 6 (1/3)k.
When N = 10, vk(1, 3, θ) 6 (1/34)
k/2, vk(1,−3, θ) 6 (1/46)k/2,
vk(3, 1, θ) 6 (1/2)
k/2, vk(3,−1, θ) 6 (1/14)k/2.
When N = 13, vk(2, 3, θ) 6 (1/5)
k, vk(2,−3, θ) 6 (1/7)k,
vk(3, 2, θ) 6 (1/5)
k/2, vk(3,−2, θ) 6 (1/29)k/2.
When N = 17, vk(1, 4, θ) 6 (1/65)
k/2, vk(1,−4, θ) 6 (1/9)k,
vk(4, 1, θ) 6 (1/5)
k/2, vk(4,−1, θ) 6 (1/21)k/2.
When N > 25, |ceiθ/2 ±
√
5de−iθ/2|2 > N/6,
and the remaining problem for N > 25 concerns the number of terms with c2 + d2 = N . Because 5 ∤ c,
the number of |c| is not more than (4/5)N1/2 + 1. Thus, the number of terms with c2 + d2 = N is not
more than 4((4/5)N1/2 + 1) 6 4N1/2 for N > 25. Then,
|R∗5,1|N>25 6 4
√
6
∞∑
N=25
(
1
6
N
)(1−k)/2
6
384
√
6
k − 3
(
1
2
)k
Thus,
|R∗5,1| 6 2 + 4
(
1
2
)k/2
+ 2
(
1
3
)k/2
+ · · ·+ 2
(
1
9
)k
+
384
√
6
k − 3
(
1
2
)k
,(17)
On the other hand, for R∗5,2, we will consider the following cases: N = 2, 5, 10,... 29, and N > 34.
Considering 0 6 cos θ 6 1/
√
5, we have
When N = 2, 2k · vk(1, 1, θ) 6 (2/3)k/2, 2k · vk(1,−1, θ) 6 1.
When N = 5, vk(1, 2, θ) 6 (1/21)
k/2, vk(1,−2, θ) 6 (1/17)k/2,
vk(2, 1, θ) 6 (1/3)
k, vk(2,−1, θ) 6 (1/5)k/2.
When N = 10, 2k · vk(1, 3, θ) 6 (2/23)k/2, 2k · vk(1,−3, θ) 6 (1/10)k/2,
2k · vk(3, 1, θ) 6 (2/7)k/2, 2k · vk(3,−1, θ) 6 (1/2)k/2.
When N = 13, vk(2, 3, θ) 6 (1/7)
k, vk(2,−3, θ) 6 (1/37)k/2,
vk(3, 2, θ) 6 (1/29)
k/2, vk(3,−2, θ) 6 (1/17)k/2.
When N = 17, vk(1, 4, θ) 6 (1/9)
k, vk(1,−4, θ) 6 (1/73)k/2,
vk(4, 1, θ) 6 (1/21)
k/2, vk(4,−1, θ) 6 (1/13)k/2.
When N = 25, vk(3, 4, θ) 6 (1/89)
k/2, vk(3,−4, θ) 6 (1/65)k/2,
vk(4, 3, θ) 6 (1/61)
k/2, vk(4,−3, θ) 6 (1/37)k/2.
When N = 26, 2k · vk(1, 5, θ) 6 (2/63)k/2, 2k · vk(1,−5, θ) 6 (1/29)k/2,
When N = 29, vk(2, 5, θ) 6 (1/129)
k/2, vk(2,−5, θ) 6 (1/109)k/2,
When N > 34, |ceiθ/2 ±
√
5de−iθ/2|2 > N/2,
and the number of terms with c2 + d2 = N is not more than 4N1/2 for N > 34. Then,
|R∗5,2|N>34 6 8
√
2
∞∑
N=34
(
1
8
N
)(1−k)/2
6
2112
√
33
k − 3
(
8
33
)k/2
.
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(18) |R∗5,2| 6 2 + 2
(
2
3
)k/2
+ 2
(
1
2
)k/2
+ · · ·+ 2
(
1
129
)k/2
+
2112
√
33
k − 3
(
8
33
)k/2
.
Recalling the approach of the previous subsection (RSD Method), we want to show that |R∗5,1| < 2
and |R∗5,2| < 2. However, the right-hand sides of both bounds are greater than 2. Note that the case in
which (c, d) = ±(2, 1) (resp. (c, d) = ±(1,−1)) yields a bound equal to 2 for |R∗5,1| (resp. |R∗5,2|).
3.3.2. Γ∗0(7). For R
∗
7,1, we will consider the following cases: N = 2, 5, 10,..., 61, and N > 65. Considering
−5/(2√7) 6 cos θ 6 0, we have
When N = 2, vk(1, 1, θ) 6 (1/3)
k/2, vk(1,−1, θ) 6 (1/8)k/2.
When N = 5, vk(1, 2, θ) 6 (1/19)
k/2, vk(1,−2, θ) 6 (1/29)k/2,
vk(2, 1, θ) 6 1, vk(2,−1, θ) 6 (1/11)k/2.
When N = 10, vk(1, 3, θ) 6 (1/7)
k, vk(1,−3, θ) 6 (1/8)k,
vk(3, 1, θ) 6 1, vk(3,−1, θ) 6 (1/4)k.
When N = 13, vk(2, 3, θ) 6 (1/39)
k/2, vk(2,−3, θ) 6 (1/69)k/2,
vk(3, 2, θ) 6 (1/7)
k/2, vk(3,−2, θ) 6 (1/37)k/2.
When N = 17, vk(1, 4, θ) 6 (1/93)
k/2, vk(1,−4, θ) 6 (1/113)k/2,
vk(4, 1, θ) 6 (1/3)
k/2, vk(4,−1, θ) 6 (1/23)k/2.
When N = 25, vk(3, 4, θ) 6 (1/61)
k/2, vk(3,−4, θ) 6 (1/11)k,
vk(4, 3, θ) 6 (1/19)
k/2, vk(4,−3, θ) 6 (1/79)k/2.
When N = 26, vk(1, 5, θ) 6 (1/151)
k/2, vk(1,−5, θ) 6 (1/176)k/2,
vk(5, 1, θ) 6 (1/7)
k/2, vk(5,−1, θ) 6 (1/32)k/2.
When N = 29, vk(2, 5, θ) 6 (1/129)
k/2, vk(2,−5, θ) 6 (1/179)k/2,
vk(5, 2, θ) 6 (1/3)
k/2, vk(5,−2, θ) 6 (1/53)k/2.
When N = 34, vk(3, 5, θ) 6 (1/109)
k/2, vk(3,−5, θ) 6 (1/184)k/2,
vk(5, 3, θ) 6 (1/13)
k/2, vk(5,−3, θ) 6 (1/88)k/2.
When N = 37, vk(1, 6, θ) 6 (1/223)
k/2, vk(1,−6, θ) 6 (1/253)k/2,
vk(6, 1, θ) 6 (1/13)
k/2, vk(6,−1, θ) 6 (1/43)k/2.
When N = 41, vk(4, 5, θ) 6 (1/91)
k/2, vk(4,−5, θ) 6 (1/191)k/2,
vk(5, 4, θ) 6 (1/37)
k/2, vk(5,−4, θ) 6 (1/137)k/2.
When N = 50, vk(1, 7, θ) 6 (1/309)
k/2, vk(1,−7, θ) 6 (1/344)k/2,
When N = 53, vk(2, 7, θ) 6 (1/277)
k/2, vk(2,−7, θ) 6 (1/347)k/2,
When N = 58, vk(3, 7, θ) 6 (1/247)
k/2, vk(3,−7, θ) 6 (1/352)k/2,
When N = 61, vk(5, 6, θ) 6 (1/127)
k/2, vk(5,−6, θ) 6 (1/277)k/2,
vk(6, 5, θ) 6 (1/61)
k/2, vk(6,−5, θ) 6 (1/211)k/2.
When N > 65, |ceiθ/2 ±
√
7de−iθ/2|2 > N/11,
and the remaining problem for N > 65 concerns the number of terms with c2 + d2 = N . Because 7 ∤ c,
the number of |c| is not more than (6/7)N1/2 + 1. Thus, the number of terms with c2 + d2 = N is not
more than 4((6/7)N1/2 + 1) 6 (55/14)N1/2 for N > 65. Then,
|R∗7,1|N>65 6
55
√
11
14
∞∑
N=65
(
1
11
N
)(1−k)/2
6
28160
7(k − 3)
(
11
64
)k/2
.
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Thus,
(19) |R∗7,1| 6 4 + 6
(
1
3
)k/2
+ 4
(
1
7
)k/2
+ · · ·+ 2
(
1
352
)k/2
+
28160
7(k − 3)
(
11
64
)k/2
,
On the other hand, for R∗7,2, we will consider the following cases: N = 2, 5, 10,..., 89, and N > 97.
Considering 0 6 cos θ 6 2/
√
7, we have
When N = 2, 2k · vk(1, 1, θ) 6 (1/2)k/2, 2k · vk(1,−1, θ) 6 1.
When N = 5, vk(1, 2, θ) 6 (1/29)
k/2, vk(1,−2, θ) 6 (1/21)k/2,
vk(2, 1, θ) 6 (1/11)
k/2, vk(2,−1, θ) 6 (1/3)k/2.
When N = 10, 2k · vk(1, 3, θ) 6 (1/4)k, 2k · vk(1,−3, θ) 6 (1/13)k/2,
2k · vk(3, 1, θ) 6 (1/2)k, 2k · vk(3,−1, θ) 6 1.
When N = 13, vk(2, 3, θ) 6 (1/69)
k/2, vk(2,−3, θ) 6 (1/45)k/2,
vk(3, 2, θ) 6 (1/37)
k/2, vk(3,−2, θ) 6 (1/14)k/2.
When N = 17, vk(1, 4, θ) 6 (1/113)
k/2, vk(1,−4, θ) 6 (1/97)k/2,
vk(4, 1, θ) 6 (1/23)
k/2, vk(4,−1, θ) 6 (1/7)k/2.
When N = 25, vk(3, 4, θ) 6 (1/11)
k, vk(3,−4, θ) 6 (1/73)k/2,
vk(4, 3, θ) 6 (1/79)
k/2, vk(4,−3, θ) 6 (1/6)k/2.
When N = 26, 2k · vk(1, 5, θ) 6 (1/44)k/2, 2k · vk(1,−5, θ) 6 (1/39)k/2,
2k · vk(5, 1, θ) 6 (1/8)k/2, 2k · vk(5,−1, θ) 6 (1/3)k/2.
When N = 29, vk(2, 5, θ) 6 (1/179)
k/2, vk(2,−5, θ) 6 (1/139)k/2,
vk(5, 2, θ) 6 (1/53)
k/2, vk(5,−2, θ) 6 (1/13)k/2.
When N = 34, 2k · vk(3, 5, θ) 6 (1/46)k/2, 2k · vk(3,−5, θ) 6 (1/31)k/2,
2k · vk(5, 3, θ) 6 (1/22)k/2, 2k · vk(5,−3, θ) 6 (1/7)k/2.
When N = 37, vk(1, 6, θ) 6 (1/252)
k/2, vk(1,−6, θ) 6 (1/228)k/2,
vk(6, 1, θ) 6 (1/43)
k/2, vk(6,−1, θ) 6 (1/19)k/2.
When N = 41, vk(4, 5, θ) 6 (1/191)
k/2, vk(4,−5, θ) 6 (1/111)k/2,
vk(5, 4, θ) 6 (1/137)
k/2, vk(5,−4, θ) 6 (1/57)k/2.
When N = 50, 2k · vk(1, 7, θ) 6 (1/86)k/2, 2k · vk(1,−7, θ) 6 (1/79)k/2,
When N = 53, vk(2, 7, θ) 6 (1/347)
k/2, vk(2,−7, θ) 6 (1/291)k/2,
When N = 58, 2k · vk(3, 7, θ) 6 (1/88)k/2, 2k · vk(3,−7, θ) 6 (1/67)k/2,
When N = 61, vk(5, 6, θ) 6 (1/277)
k/2, vk(5,−6, θ) 6 (1/157)k/2,
vk(6, 5, θ) 6 (1/211)
k/2, vk(6,−5, θ) 6 (1/91)k/2.
When N = 65, vk(1, 8, θ) 6 (1/449)
k/2, vk(1,−8, θ) 6 (1/417)k/2,
vk(8, 1, θ) 6 (1/71)
k/2, vk(8,−1, θ) 6 (1/39)k/2.
vk(4, 7, θ) 6 (1/359)
k/2, vk(4,−7, θ) 6 (1/247)k/2.
When N = 73, vk(3, 8, θ) 6 (1/457)
k/2, vk(3,−8, θ) 6 (1/361)k/2,
vk(8, 3, θ) 6 (1/127)
k/2, vk(8,−3, θ) 6 (1/31)k/2.
When N = 74, 2k · vk(5, 7, θ) 6 (1/92)k/2, 2k · vk(5,−7, θ) 6 (1/57)k/2,
When N = 82, 2k · vk(1, 9, θ) 6 (1/142)k/2, 2k · vk(1,−9, θ) 6 (1/133)k/2,
2k · vk(9, 1, θ) 6 (1/22)k/2, 2k · vk(9,−1, θ) 6 (1/13)k/2.
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When N = 85, vk(2, 9, θ) 6 (1/571)
k/2, vk(2,−9, θ) 6 (1/499)k/2,
vk(9, 2, θ) 6 (1/109)
k/2, vk(9,−2, θ) 6 (1/37)k/2.
vk(6, 7, θ) 6 (1/379)
k/2, vk(6,−7, θ) 6 (1/211)k/2.
When N = 89, vk(5, 8, θ) 6 (1/473)
k/2, vk(5,−8, θ) 6 (1/313)k/2,
vk(8, 5, θ) 6 (1/239)
k/2, vk(8,−5, θ) 6 (1/79)k/2.
When N > 97, |ceiθ/2 ±
√
7de−iθ/2|2 > N/3,
and the number of terms with c2 + d2 = N is not more than (244/63)N1/2 for N > 97. Then,
|R∗7,2|N>97 6
488
√
3
63
∞∑
N=97
(
1
12
N
)(1−k)/2
6
62464
√
6
21(k − 3)
(
1
8
)k/2
.
Thus,
(20) |R∗7,2| 6 4 + 2
(
1
2
)k/2
+ 2
(
1
3
)k/2
+ · · ·+ 2
(
1
571
)k/2
+
62464
√
6
21(k − 3)
(
1
8
)k/2
.
We want to show that |R∗7,1| < 2 and |R∗7,2| < 2. But the right-hand sides of both bounds are much
greater than 2. Note that the cases (c, d) = ±(2, 1) and ±(3, 1) (resp. (c, d) = ±(1,−1) and ±(3,−1))
yield a bound equal to 4 for |R∗7,1| (resp. |R∗7,2|).
3.4. Arguments of some terms.
3.4.1. Γ∗0(5). In the previous subsection, the point was the cases of (c, d) = ±(2, 1) and (c, d) = ±(1,−1)
for the bounds |R∗5,1| and |R∗5,2|, respectively.
For the case in which (c, d) = ±(2, 1), we have
2eiθ1/2 +
√
5e−iθ1/2 = (
√
5 + 2) cos θ1/2− i(
√
5− 2) sin θ1/2.
Let θ1
′ := 2Arg
{
2eiθ1/2 +
√
5e−iθ1/2
}
, then we have
tan θ1
′/2 =
−(√5− 2) sin θ1/2
(
√
5 + 2) cos θ1/2
= −(9− 4
√
5) tan θ1/2.
Furthermore, since we have tan(pi/2± α5)/2 =
√
5± 2, for a positive number d1,
− (9− 4
√
5) tan(pi/2 + α5 − (tpi/k))/2− tan(−pi + pi/2 + α5 + d1(tpi/k))/2
=− (9− 4
√
5)(
√
5 + 2)− (9 − 4√5) tan(tpi/k)/2
1 + (
√
5 + 2) tan(tpi/k)/2
+
(
√
5− 2)− tan d1(tpi/k)/2
1 + (
√
5− 2) tand1(tpi/k)/2
=
(10− 4√5) {tan(tpi/k)/2− tand1(tpi/k)/2− 4 tan(tpi/k)/2 tand1(tpi/k)/2}{
1 + (
√
5 + 2) tan(tpi/k)/2
}{
1 + (
√
5− 2) tand1(tpi/k)/2
} .
Let D := tan(tpi/k)/2− tand1(tpi/k)/2−4 tan(tpi/k)/2 tand1(tpi/k)/2, which is a factor of the numerator
of the above fraction. When t is small enough or k is large enough, then the denominator of the above
fraction is positive, thus the sign of the fraction is equal to that of D.
When d1 > 1, then we have D < 0. On the other hand, when d1 < 1 and (tpi/k)/2 < pi/2 (note that
the latter condition is necessary condition for the condition“t is small enough or k is large enough”),
then we have tan d1(tpi/k)/2 < d1 tan(tpi/k)/2, thus we have D > tan(tpi/k)/2{1−d1−4d1 tan(tpi/k)/2}.
Therefore, when d1 < 1/(1 + 4 tan(t/2)(pi/k)), we have D > 0.
In conclusion, we have
tan (−pi + pi/2 + α5 + d1(tpi/k)) /2 < −(9− 4
√
5) tan (pi/2 + α5 − (tpi/k)) /2
< tan (−pi + pi/2 + α5 + (tpi/k)) /2,
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where d1 < 1/(1 + 4 tan(t/2)(pi/k)). Thus,
θ1 = pi/2 + α5 − (tpi/k)
⇒ −pi + pi/2 + α5 + d1(tpi/k) < θ1′ < −pi + pi/2 + α5 + (tpi/k),
kθ1/2 = k(pi/2 + α5)/2− (t/2)pi
⇒ −(k/2)pi + k(pi/2 + α5)/2 + d1(t/2)pi < kθ1′/2 < −(k/2)pi + k(pi/2 + α5)/2 + (t/2)pi.
Similarly, for the case (c, d) = ±(1,−1), let θ2′ := 2Arg
{−eiθ2/2 +√5e−iθ2/2}, then we have tan θ2′/2 =
−((3 +√5)/2) tan θ2/2. For a positive number d2, we have
− ((3 +
√
5)/2) tan(α5 + (tpi/k))/2− tan(−pi + α5 − d2(tpi/k))/2
=
(5 +
√
5) {tan d2(tpi/k)/2− tan(tpi/k)/2 + tan(tpi/k)/2 tand2(tpi/k)/2}
2
{
1− ((√5− 1)/2) tan(tpi/k)/2}{1− ((√5 + 1)/2) tand2(tpi/k)/2} .
Thus,
tan (−pi + α5 − (tpi/k)) /2 < −((3 +
√
5)/2) tan (α5 + (tpi/k)) /2
< tan (−pi + α5 − d2(tpi/k)) /2,
where d2 < 1/(1 + tan(t/2)(pi/k)). Furthermore, we have
kθ2/2 = kα5/2 + (t/2)pi
⇒ −(k/2)pi + kα5/2− (t/2)pi < kθ2′/2 < −(k/2)pi + kα5/2− d2(t/2)pi.
Note that
−(k/2)pi ≡
{
0 (k ≡ 0 (mod 4))
pi (k ≡ 2 (mod 4)) (mod 2pi),
and both d1 and d2 tend to 1 in the limit as k tends to ∞ or in the limit as t tends to 0.
Recall that α5,k ≡ k(pi/2 + α5)/2 (mod pi), then we can write k(pi/2 + α5)/2 = α5,k +mpi for some
integer m. We define α5,k
′ ≡ kθ1′/2−mpi (mod 2pi) for θ1 = pi/2 + α5 − (tpi/k).
Similarly, we define β5,k ≡ kα5/2 (mod pi) and β5,k′ ≡ kθ2′/2 − (kα5/2 − β5,k) (mod 2pi) for θ2 =
α5 + (tpi/k).
3.5. Γ∗0(7). Similar to the previous subsubsection, we consider the arguments of some terms such that
(c, d) = ±(2, 1) and ±(3, 1) for |R∗7,1|, and (c, d) = ±(1,−1) and ±(3,−1) for |R∗7,2|.
Let θ1,1
′ := 2Arg
{
2eiθ1/2 +
√
7e−iθ1/2
}
, θ1,2
′ := 2Arg
{
3eiθ1/2 +
√
7e−iθ1/2
}
,
θ2,1
′ := 2Arg
{−eiθ2/2 +√7e−iθ2/2}, and θ2,2′ := 2Arg {−3eiθ2/2 +√7e−iθ2/2}.
Then, we have tan θ1,1
′/2 = −((11 − 4√7)/3) tan θ1/2, tan θ1,2′/2 = −(8 − 3
√
7) tan θ1/2, tan θ2,1
′/2 =
−((4 +√7)/3) tan θ1/2, and tan θ2,2′/2 = −(8 + 3
√
7) tan θ1/2.
When θ1 = pi/2 + α7 − (tpi/k)pi, we have
− ((11− 4
√
7)/3) tan(pi/2 + α7 − (tpi/k)pi)/2− tan(2pi/3 + pi/2 + α7 + d1,1(tpi/k))/2
=
4
√
7(2
√
7− 1){3 tan(tpi/k)/2− tan d1,1(tpi/k)/2− 2√3 tan(tpi/k)/2 tand1,1(tpi/k)/2}
27
{
1 + ((2
√
7 + 5)/
√
3) tan(tpi/k)/2
}{
1 + ((2
√
7− 1)/(3√3)) tan d1,1(tpi/k)/2
} ,
− (8 − 3
√
7) tan(pi/2 + α7 − (tpi/k)pi)/2− tan(−2pi/3 + pi/2 + α7 − d1,2(tpi/k))/2
=
2
√
7(
√
7− 2){tand1,2(tpi/k)/2− 2 tan(tpi/k)/2 +√3 tan(tpi/k)/2 tand1,2(tpi/k)/2}
3
{
1 + ((
√
7− 2)/√3) tan(tpi/k)/2}{1 + ((2√7 + 5)/√3) tand2(tpi/k)/2} .
Thus,
tan (2pi/3 + pi/2 + α7 + d1,1(tpi/k)) /2 < −((11− 4
√
7)/3) tan (pi/2 + α7 − (tpi/k)) /2
< tan (2pi/3 + pi/2 + α7 + 3(tpi/k)) /2,
tan (−2pi/3 + pi/2 + α7 − 2(tpi/k)) /2 < −(8− 3
√
7) tan (pi/2 + α7 − (tpi/k)) /2
< tan (−2pi/3 + pi/2 + α7 − d1,2(tpi/k)) /2,
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where d1,1 < 3/(1 + 2
√
3 tan(t/2)(pi/k)) and d1,2 < 2/(1 +
√
3 tan(t/2)(pi/k)). Furthermore, we have
kθ1/2 = k(pi/2 + α7)/2− (t/2)pi
⇒


(k/3)pi + k(pi/2 + α7)/2 + d1,1(t/2)pi
< kθ1,1
′/2 < (k/3)pi + k(pi/2 + α7)/2 + (3t/2)pi,
−(k/3)pi + k(pi/2 + α7)/2− tpi
< kθ1,2
′/2 < −(k/3)pi + k(pi/2 + α7)/2− d1,2(t/2)pi.
On the other hand, when θ2 = α7 − pi/6 + (tpi/k)pi, then we have
− ((4 +
√
7)/3) tan(α7 − pi/6 + (tpi/k)pi)/2− tan(−2pi/3 + α7 − pi/6− d2,1(tpi/k))/2
=
(28− 2√7){2 tand2,1(tpi/k)/2− 3 tan(tpi/k)/2 +√3 tan(tpi/k)/2 tand2,1(tpi/k)/2}
27
{
1− ((√7− 2)/√3) tan(tpi/k)/2}{1− ((2√7− 1)/(3√3)) tan d2,1(tpi/k)/2} ,
− (8 + 3
√
7) tan(α7 − pi/6 + (tpi/k)pi)/2 − tan(2pi/3 + α7 − pi/6 + d2,2(tpi/k))/2
=
(28 + 10
√
7)
{
tan(tpi/k)/2− 2 tand2,2(tpi/k)/2 + 3
√
3 tan(tpi/k)/2 tand2,2(tpi/k)/2
}
3
{
1− ((√7− 2)/√3) tan(tpi/k)/2}{1− ((2√7 + 5)/√3) tan d2,2(tpi/k)/2} .
Thus,
tan (−2pi/3 + α7 − pi/6− (3/2)(tpi/k)) /2 < −((4 +
√
7)/3) tan (α7 − pi/6 + (tpi/k)) /2
< tan (−2pi/3 + α7 − pi/6− d2,1(tpi/k)) /2,
tan (2pi/3 + α7 − pi/6 + d2,2(tpi/k)) /2 < −(8 + 3
√
7) tan (α7 − pi/6 + (tpi/k)) /2
< tan (2pi/3 + α7 − pi/6 + (1/2)(tpi/k)) /2,
where d2,1 < 3/(2 +
√
3 tan(t/2)(pi/k)) and d2,2 < 1/(2 + 3
√
3 tan(t/2)(pi/k)). Furthermore, we have
kθ2/2 = k(α7 − pi/6)/2 + (t/2)pi
⇒


−(k/3)pi + k(α7 − pi/6)/2− (3t/4)pi
< kθ2,1
′/2 < −(k/3)pi + k(α7 − pi/6)/2− d2,1(t/2)pi,
(k/3)pi + k(α7 − pi/6)/2 + d2,2(t/2)pi
< kθ2,2
′/2 < (k/3)pi + k(α7 − pi/6)/2 + (t/4)pi.
Note that
(k/3)pi ≡


0 (k ≡ 0 (mod 6))
2pi/3 (k ≡ 2 (mod 6))
4pi/3 (k ≡ 4 (mod 6))
, −(k/3)pi ≡


0 (k ≡ 0 (mod 6))
4pi/3 (k ≡ 2 (mod 6))
2pi/3 (k ≡ 4 (mod 6))
,
modulo 2pi. Furthermore, in the limit as k tends to ∞ or in the limit as t tends to 0, d1,1 (resp. d1,2,
d2,1, and d2,2) tends to 3 (resp. 2, 3/2, and 1/2).
Recall that α7,k ≡ k(pi/2+α7)/2 (mod pi). Then, we define α7,k,n′ ≡ kθ1,n′/2− (k(pi/2+α7)/2−α7,k)
(mod 2pi) for n = 1, 2 and for θ1 = pi/2 + α7 − (tpi/k).
Similarly, we define β7,k ≡ k(α7 − pi/6)/2 (mod pi) and β7,k,n′ ≡ kθ2,n′/2 − (k(α7 − pi/6)/2 − β7,k)
(mod 2pi) for n = 1, 2 and for θ2 = α7 − pi/6 + (tpi/k).
3.6. Absolute values of some terms.
3.6.1. Γ∗0(5). First, we observe that |2eiθ1/2+
√
5e−iθ1/2|2 = 9+4√5 cos θ1. Let f1(k) := 9+4
√
5 cos(pi/2+
α5 − (tpi/k))− (1 + 4tpi/k), then
lim
k→∞
f1(k) = 8 + 4
√
5 cos(pi/2 + α5) = 0,
f1
′(k) = −(4tpi/k2){
√
5 sin(pi/2 + α5 − (tpi/k))− 1}
6 −(4tpi/k2){
√
5 sin(pi/2 + α5)− 1} = 0.
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Thus we have f1(k) > 0 for every positive integer k. On the other hand, let f2(k) := e
4tpi/k − (9 +
4
√
5 cos(pi/2 + α5 − (tpi/k))), then
lim
k→∞
f2(k) = 1− (9 + 4
√
5 cos(pi/2 + α5)) = 0,
f2
′(k) = (4tpi/k2){
√
5 sin(pi/2 + α5 − (tpi/k))− e4tpi/k}.
Moreover, let g(k) :=
√
5 sin(pi/2 + α5 − (tpi/k))− e4tpi/k, then
lim
k→∞
g(k) =
√
5 sin(pi/2 + α5)− 1 = 0,
g′(k) = (4tpi/k2){e4tpi/k + (
√
5/4) cos(pi/2 + α5 − (tpi/k))}
> (4tpi/k2){1 + (
√
5/4) cos(pi/2 + α5)} = 0.
Thus we have f2(k) > 0 for every positive integer k. In conclusion, we have
1 + 4tpi/k 6 9 + 4
√
5 cos(pi/2 + α5 − (tpi/k)) 6 e4tpi/k
for every positive integer k.
Similarly, for | − eiθ2/2 +√5e−iθ2/2|2/4 = (6 − 2√5 cos θ2)/4, we have
1 + tpi/k 6 (6 − 2
√
5 cos(α5 + (tpi/k)))/4 6 e
tpi/k
for every positive integer k.
3.6.2. Γ∗0(7). First, we observe that |2eiθ1/2 +
√
7e−iθ1/2|2 = 11 + 4√7 cos θ1, |3eiθ1/2 +
√
7e−iθ1/2|2 =
16 + 6
√
7 cos θ1, | − eiθ2/2 +
√
7e−iθ2/2|2/4 = (8 − 2√7 cos θ2)/4, and | − 3eiθ2/2 +
√
7e−iθ2/2|2/4 =
(16− 6√7 cos θ2)/4.
Similar to the previous subsubsection, we have
1 + 2
√
3 tpi/k 6 11 + 4
√
7 cos(pi/2 + α7 − (tpi/k)) 6 e2
√
3 tpi/k,
1 + 3
√
3 tpi/k 6 16 + 6
√
7 cos(pi/2 + α7 − (tpi/k)) 6 e3
√
3 tpi/k,
1 + (
√
3/2) tpi/k 6 (8− 2
√
7 cos(α7 − pi/6 + (tpi/k)))/4,
1 + (3
√
3/2) tpi/k 6 (16− 6
√
7 cos(α7 − pi/6 + (tpi/k)))/4 6 e(3
√
3/2) tpi/k
for every positive integer k. Also, we can show
(8 − 2
√
7 cos(α7 − pi/6 + (tpi/k)))/4 6 1 + (
√
3/2)(tpi/k) + (1/2)(tpi/k)2
for every positive integer k.
Furthermore, assume that t/k 6 1/10, which is satisfied when k > 10 for example. Let f(s) :=
e(
√
3/2) spi − (8 − 2√7 cos(α7 − pi/6 + spi)/4, then
f ′(s) :=
(√
3pi/2
){
e(
√
3/2) spi − (
√
7/
√
3) sin(α7 − pi/6 + spi)
}
,
f ′′(s) :=
(√
3pi/2
)2 {
e(
√
3/2) spi − (2
√
7/3) cos(α7 − pi/6 + spi)
}
,
f ′′′(s) :=
(√
3pi/2
)3 {
e(
√
3/2) spi + ((4
√
7)/(3
√
3)) sin(α7 − pi/6 + spi)
}
,
and then
f ′′′(s) > 0 for all s > 0,
f ′′(0) < 0 and f ′′(1) > 0,
f ′(0) = 0 and f ′(1) > 0,
f(0) = 0 and f(1/10) = −0.0038812... < 0.
Thus, we have
e(
√
3/2) (tpi/k) 6 (8 − 2
√
7 cos(α7 − pi/6 + (tpi/k))/4
for every positive number t and k such that t/k 6 1/10.
A DETAILED NOTE ON THE ZEROS OF EISENSTEIN SERIES FOR Γ∗
0
(5) AND Γ∗
0
(7) 17
3.7. Algorithm. In this subsection, we consider the following bound:
(21) |R∗p,n| < 2c0 for every k > k0,
for some c0 > 0 and an even integer k0. Furthermore, we will proceed to present an algorithm to show
the above bound.
Let Λ be an index set, and let us write
|R∗p,n| 6 2
∑
λ∈Λ e
k
λ vk(cλ, dλ, θ)
by an application of the RSD Method, where the factor “2” arises from the fact vk(c, d, θ) = vk(−c,−d, θ).
Furthermore, let I be a finite subset of Λ such that eki vk(ci, di, θ) does not tend to 0 in the limit as k
tends to∞ for every i ∈ I, and assume I ⊂ N. Then, we define Xi := e−2i vk(ci, di, θ)−2/k for every i ∈ I.
Assume that for every i ∈ I and k > k0 and for some ci′ and ui,∣∣∣∣Re
{
eki
(
cie
iθ/2 +
√
pdie
−iθ/2
)−k}∣∣∣∣ 6 ci′X−k/2i ,
X
−k/2
i > 1 + ui(pi/k), 2
∑
λ∈Λ\I e
k
λ vk(cλ, dλ, θ) 6 b(1/s)
k/2,
and let the number t > 0 be given.
Step 1. “Determine the number a1.”
First, in order to show the bound (21), we wish to make use of the following bound:
(22)
∑
i∈I ci
′X−k/2i < c0 − a1(tpi/k)2
for every i ∈ I and k > k0 and for some a1 > 0.
To show the bound (21) using the above bound (22), we need b(1/s)k/2 < a1(tpi/k)
2 for every k > k0.
Define f(k) := sk/2/b− k2/(2a1t2pi2). If we have k0 log s > 4 and
(23) a1 > (bk
2
0) / (2s
k0/2t2pi2),
then we have f(k0) > 0, f
′(k0) > 0, and f ′′(k0) > 0. In the present paper, we always have k0 log s > 4.
Thus, it is enough to consider bound (23).
Step 2. “Determine the number c0,i and a1,i.”
Second, in order to show the bound (22), we wish to use the following bounds:
(24) ci
′X−k/2i < c0,i − a1,i(tpi/k)2
for every i ∈ I and k > k0 and for some c0,i > 0, a1,i > 0.
We determine c0,i and a1,i such that
(25) c0,i > 0, a1,i > 0, c0 =
∑
i∈I c0,i, and a1 =
∑
i∈I a1,i
Step 3. “Determine a discriminant Yi for every i ∈ I.”
Finally, for the bound (24), we consider the following sufficient conditions:
X
k/2
i > ci + a2,i(tpi/k)
2, Xi > a3,i + a4,i(tpi/k)
2.
For the former bound, it is enough to show that
(26) ci = ci
′/c0,i, a2,i > c2i (a1,i/ci
′) / {1− ci(a1,i/ci′)(tpi/k0)2},
while for the latter bound, it is enough to show that
a3,i = c
2/k0
i , a4,i = ((2a2,i)/(cik0)) c
2/k0
i .
Because we have
c
2/k
i 6 1 + 2(log ci)/k + 2(log ci)
2c
2/k
i /k
2,
Xi −
(
a3,i + a4,i
(
t
pi
k
)2)
>
1
k
{
uipi − 2 log ci − 2(log ci)2c2/ki
1
k0
− 2a2,it
2pi2
ci
c
2/k0
i
1
k20
}
=:
1
k
× Yi.(27)
In conclusion, if we have Yi > 0, then we can show bounds (24), (22), and (21).
Note that the above bounds are sufficient conditions, but are not always necessary.
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4. Γ∗0(5) (For Conjecture 1.1)
To prove Conjecture 1.1 is much more difficult than the proof of theorems for Γ∗0(2) and Γ
∗
0(3). Diffi-
culties arise in particular due to the argument Arg(ρ5,2), which is not a rational multiple of pi.
The proof of all the lemmas of this section are presented at the end of this section.
4.1. E∗k,5 of low weights. First, we have the following Lemma.
Lemma 4.1. Let k > 4 be an even integer.
(1)
F ∗k,5(pi/2)


> 0 k ≡ 0 (mod 8)
< 0 k ≡ 4 (mod 8)
= 0 k ≡ 2 (mod 4)
.
(2)
F ∗k,5(pi/2 + α5) =
{
2·5k/2
5k/2+1
cos(k(pi/2 + α5)/2)Ek(i) k ≡ 0 (mod 4)
0 k ≡ 2 (mod 4) .
Furthermore, we have Ek(i) > 0 for every k > 4 such that k ≡ 0 (mod 4).
(3) For an even integer k > 8,
F ∗k,5(pi)


> 0 k ≡ 0 (mod 8)
< 0 k ≡ 4 (mod 8)
= 0 k ≡ 2 (mod 4)
.
(4) For an even integer k > 10,
F ∗k,5(θ) = 2 cos(kθ/2) +R
∗
5,5pi/6 for θ ∈ [pi/2, 5pi/6],
where |R∗5,5pi/6| < 2.
The proof of the above lemma is presented in Subsection 4.6. Now, we have the following proposition:
Proposition 4.1. The location of the zeros of the Eisenstein series E∗k,5 in F
∗(5) for 4 > k > 10 are
follows:
k v∞ vi/√5 vρ5,1 vρ5,2 V
∗
5,1 V
∗
5,2
4 0 0 0 0 1 0
6 0 1 1 1 0 0
8 0 0 0 0 1 1
10 0 1 1 1 1 0
where V ∗5,n denotes the number of simple zeros of the Eisenstein series E
∗
k,5 on the arc A
∗
5,n for n = 1, 2.
Proof.
(k = 4) We have F ∗4,5(pi/2) < 0 by Lemma 4.1 (1), and we have F
∗
4,5(pi/2 + α5) > 0 by Lemma 4.1 (2)
because cos(2(pi/2 + α5)) = 3/5 > 0. Thus, E
∗
4,5 has at least one zero on A
∗
5,1. Furthermore, by the
valence formula for Γ∗0(5) (Proposition 2.1), E
∗
4,5 has no other zeros.
(k = 6) By previous subsubsection, we have vi/
√
5(E
∗
6,5) > 1, vρ5,1 (E
∗
6,5) > 1, and vρ5,2 (E
∗
6,5) > 1. Fur-
thermore, by the valence formula for Γ∗0(5), E
∗
6,5 has no other zeros.
(k = 8) We have F ∗8,5(pi/2) > 0 by Lemma 4.1 (1), and we have F
∗
8,5(pi/2 + α5) > 0 by Lemma 4.1 (2)
because cos(4(pi/2 + α5)) = −7/25 < 0, and we have F ∗8,5(pi) > 0 by Lemma 4.1 (3). Thus, E∗8,5 has at
least two zeros on each arc A∗5,1 and A
∗
5,2. Furthermore, by the valence formula for Γ
∗
0(5), E
∗
8,5 has no
other zeros.
(k = 10) We have F ∗10,5(3pi/5) < 0 and F
∗
10,5(4pi/5) > 0 by Lemma 4.1 (4). Thus, E
∗
10,5 has at least one
zero on A∗5,1. In addition, by previous subsubsection, we have vi/√5(E
∗
10,5) > 1, vρ5,1(E
∗
10,5) > 1, and
vρ5,2 (E
∗
10,5) > 1. Furthermore, by the valence formula for Γ
∗
0(5), E
∗
10,5 has no other zeros.

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4.2. All but at most 2 zeros.
Lemma 4.2. We have the following bounds:
“We have |R∗5,1| < 2 cos(c0′pi) for θ1 ∈ [pi/2, pi/2 + α5 − tpi/k]”
(1) For k > 12, (c0
′, t) = (1/3, 1/6).
(2) For k > 58, (c0
′, t) = (33/80, 9/40).
“We have |R∗5,2| < 2 cos(c0′pi) for θ2 ∈ [α5 + tpi/k, pi/2]”
(3) For k > 12, (c0
′, t) = (0, 1/2).
(4) For k > 22, (c0
′, t) = (1/3, 1/2).
(5) For k > 46, (c0
′, t) = (7/30, 1/5).
When 4 | k, by the valence formula for Γ∗0(5) and Proposition 2.3, we have at most k/4 zeros on the
arc A∗5. We have k/4 + 1 integer points (i.e. cos (kθ/2) = ±1) in the interval [pi/2, pi]. If we prove that
the sign of F ∗k,5(θ) is equal to cos (kθ/2) at every integer point, then we can prove Conjecture 1.1 for the
case 4 | k. By the above lemma’s conditions (1) and (3), we can prove |R∗5,1| < 2 or |R∗5,2| < 2 at all of
the integer points which satisfy θ1 ∈ [pi/2, pi/2 + α5 − pi/(6k)] or θ2 ∈ [α5 + pi/(2k), pi/2], respectively.
Then, we have all but at most 2 zeros on A∗5.
On the other hand, when 4 ∤ k, we have at most (k − 6)/4 zeros on the arc A∗5. When 0 < α5,k <
pi/2, between the first integer point and the last one for A∗5,1 we have (kα5/2 − pi/2 − α5,k)/pi + 1
integer points, then we expect (kα5/2 − pi/2 − α5,k)/pi zeros on the arc A∗5,1. Similarly, we expect
(k(pi/2−α5)/2−pi/2− (pi−β5,k))/pi zeros on the arc A∗5,2. Furthermore, we have α5,k+(pi−β5,k) = pi/2.
Thus, in agreement with expectations we have (k − 6)/4 zeros on the arc A∗5. By the above lemma’s
conditions (1) and (3), we can prove |R∗5,1| < 2 at every integer point less than last one for A∗5,1, and
prove |R∗5,2| < 2 at every integer point greater than the first one for A∗5,2. Then, we have all but at most
2 zeros on A∗5.
Finally, when pi/2 < α5,k < pi, we expect (k − 10)/4 zeros between adjacent integer points, which are
proved by the above lemma’s conditions (1) and (3). Then, we have all but at most one zero are on A∗5.
Thus, we have the following proposition:
Proposition 4.2. Let k > 4 be an even integer. All but at most 2 of the zeros of E∗k,5(z) in F
∗(5) are
on the arc A∗5.
4.3. The case 4 | k. When pi/12 < α5,k < 3pi/4, we can prove the proposition at all of the integer points.
Now, we can write
F ∗k,5,1(θ1) = 2 cos (kθ1/2) + 2Re(2e
−iθ1/2 +
√
5eiθ1/2)−k +R∗5,1
′,
F ∗k,5,2(θ2) = 2 cos (kθ2/2) + 2
k · 2Re(e−iθ2/2 −
√
5eiθ2/2)−k +R∗5,2
′.
When 0 < α5,k < pi/12, the last integer point of F
∗
k,5,1(θ1) is in the interval [pi/2+α5−pi/(6k), pi/2+α5].
We have |R∗5,1′| < 2 for θ1 ∈ [pi/2, pi/2 + α5]. Furthermore, because 0 < α5,k′ < pi/6 for 0 < t < 1/6, we
have Sign{cos(kθ1/2)} = Sign{Re(2e−iθ1/2 +
√
5eiθ1/2)−k} for θ1 ∈ [pi/2 + α5 − pi/(6k), pi/2 + α5].
When 3pi/4 < α5,k < pi, the first integer point of F
∗
k,5,2(θ2) is in the interval [α5, α5 + pi/(2k)]. We
have |R∗5,2′| < 2 and Sign{cos(kθ2/2)} = Sign{Re(e−iθ2/2 −
√
5eiθ2/2)−k} for θ2 ∈ [α5, α5 + pi/(2k)].
Thus, we have the following proposition:
Proposition 4.3. Let k > 4 be an integer which satisfies 4 | k. All of the zeros of E∗k,5(z) in F∗(5) are
on the arc A∗5.
4.4. The case 4 ∤ k.
4.4.1. The case 0 < α5,k < pi/2. At points such that kθ1/2 = k(pi/2 + α5)/2 − α5,k − pi/3, we have
|R∗5,1| < 1 by Lemma 4.2 (1), and we have 2 cos(kθ1/2) = ±1. Then, we have at least one zero between
the second to last integer point for A∗5,1 and the point kθ1/2. Similarly, by Lemma 4.2 (4), we have at
least one zero between the second integer point and the point kθ2/2 = kα5/2 + β5,k + pi/3.
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4.4.2. The case pi/2 < α5,k < pi. We have the following lemmas:
Lemma 4.3. Let 4 ∤ k. We have the following bounds:
“When (x/180)pi < α5,k < (y/180)pi, we have |R∗5,1| < 2 cos(c0′pi) for k > k0 and θ1 = pi/2+ α5 − tpi/k.”
(1) (x, y) = (121, 126), (c0
′, k0, t) = (29/72, 100, 3/20).
(2) (x, y) = (120, 121), (c0
′, k0, t) = (23/60, 18, 1/10).
(3) (x, y) = (118.8, 120), (c0
′, k0, t) = (39/100, 100, 1/10).
(4) (x, y) = (118.1, 118.8), (c0
′, k0, t) = (691/1800, 100, 2/25).
(5) (x, y) = (117.7, 118.1), (c0
′, k0, t) = (638/1800, 86, 1/15).
(6) (x, y) = (117.45, 117.7), (c0
′, k0, t) = (151/400, 100, 3/50).
(7) (x, y) = (117.27, 117.45), (c0
′, k0, t) = (747/1800, 100, 1/20).
(8) (x, y) = (117.15, 117.27), (c0
′, k0, t) = (223/600, 100, 9/200).
(9) (x, y) = (117.06, 117.15), (c0
′, k0, t) = (1109/3000, 100, 1/25).
(10) (x, y) = (117, 117.06), (c0
′, k0, t) = (37/100, 100, 1/25).
Lemma 4.4. Let 4 ∤ k. We have the following bounds:
“When (x/180)pi < α5,k < (y/180)pi, we have |R∗5,2| < 2 cos(c0′pi) for k > k0 and θ2 = α5 + tpi/k.”
(1) (x, y) = (114, 115.4), (c0
′, k0, t) = (199/900, 100, 4/25.
(2) (x, y) = (115.4, 115.8), (c0
′, k0, t) = (61/300, 100, 3/25).
(3) (x, y) = (115.8, 116), (c0
′, k0, t) = (7/36, 100, 1/10).
Now, we expect one more zero between the last integer point for A∗5,1 and the first one for A
∗
5,2. Then,
we consider the following cases.
(i). “The case 7pi/10 < α5,k < pi”
• When 3pi/4 < α5,k < pi, we can use Lemma 4.2 (1).
• When 7pi/10 < α5,k < 3pi/4, we can use Lemma 4.2 (2).
For each case, we consider the point such that kθ1/2 = k(pi/2 + α5)/2 − α5,k + pi − c0′pi. We have
α5,k − pi + c0′pi > (t/2)pi and |R∗5,1| < 2 cos(c0′pi), and we have 2 cos(kθ1/2) = ±2 cos(c0′pi). Then, we
have at least one zero between the second to the last integer point for A∗5,1 and the point kθ1/2.
(ii). “The case pi/2 < α5,k < 19pi/30”
• When pi/2 < α5,k < 7pi/12, we can use Lemma 4.2 (4).
• When 7pi/12 < α5,k < 19pi/30, we can use Lemma 4.2 (5).
Similar to the case (i), we consider the point such that kθ2/2 = kα5/2− β5,k + c0′pi for each case.
(iii). “The case 13pi/20 < α5,k < 7pi/10” We can use Lemma 4.3. For each case, we consider the point
such that kθ1/2 = k(pi/2+α5)/2− (t/2)pi. We have α5,k−pi+ c0′pi > (t/2)pi and |R∗5,1| < 2 cos(c0′pi), and
we have |2 cos(kθ1/2)| > 2 cos(c0′pi). Then, we have at least one zero between the second to last integer
point for A∗5,1 and the point kθ1/2.
(iv). “The case 19pi/30 < α5,k < 29pi/45” Similar to the previous case, we can use Lemma 4.4. We
consider the point such that kθ2/2 = kα5/2 + (t/2)pi for each case.
In conclusion, we have the following proposition:
Proposition 4.4. Let k > 4 be an integer which satisfies 4 ∤ k, and let α5,k ∈ [0, pi] be the angle that
satisfies α5,k ≡ k(pi/2+α5)/2 (mod pi). If we have α5,k < 29pi/45 or 13pi/20 < α5,k, then all of the zeros
of E∗k,5(z) in F
∗(5) are on the arc A∗5. Otherwise, all but at most one zero of E
∗
k,5(z) in F
∗(5) are on A∗5
4.5. The remaining case “4 ∤ k and 29pi/45 < α5,k < 13pi/20”. In the previous subsection, we left
one zero between the last integer point for A∗5,1 and the first one for A
∗
5,2 for the case of “4 ∤ k and
29pi/45 < α5,k < 13pi/20”. In the Lemma 4.3 and 4.4, the width |x− y| becomes smaller as the intervals
of the bounds approach the interval [29pi/45, 13pi/20]. However, it would appear that we require the
width |x − y| to become even smaller in this limit if we are to prove the proposition for the remaining
interval [29pi/45, 13pi/20]. Furthermore, we may need infinite bounds such as we see in the lemmas 4.3
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and 4.4. Thus, we cannot prove the result for this remaining case in a similar manner. However, when k
is large enough, there is some possibility that we can prove the proposition for the remaining case.
Let 29pi/45 < α5,k < 13pi/20, and let t > 0 be small enough. Then, we have pi/2 < α5,k − (t/2)pi < pi
and 3pi/2 < pi + α5,k + d1(t/2)pi < α5,k
′ < pi + α5,k + (t/2)pi < 2pi. Moreover, we can easily show that
1 + 4t(pi/k) 6 vk(2, 1, θ1)
−2/k 6 e4t(pi/k). Thus, we have
− cos(α5,k − (t/2)pi)− cos(pi + α5,k + d1(t/2)pi) · e−2pit
> | cos(kθ1/2)| −
∣∣∣∣Re
{(
2eiθ1/2 +
√
5e−iθ1/2
)−k}∣∣∣∣
> − cos(α5,k − (t/2)pi)− cos(pi + α5,k + (t/2)pi) · (1 + 4t(pi/k))−k/2.
We denote the upper bound by A1 and the lower bound by B1. Furthermore, we define A1
′ := A1/ cos(pi+
α5,k + d1(t/2)pi) and B1
′ := B1/ cos(pi + α5,k + (t/2)pi). Then, we have
∂
∂t
A1
′ = (pi/2)
sin(α5,k − (t/2)pi) cos(α5,k + d1(t/2)pi) + d1 sin(α5,k + d1(t/2)pi) cos(α5,k − (t/2)pi)
cos2(α5,k + d1(t/2)pi)
+ 2pie−2pit,
∂
∂t
B1
′ = (pi/2)
sin(2α5,k)
cos2(α5,k + (t/2)pi)
+ 2pi(1 + 4t(pi/k))−k/2.
Considering limt→0 d1 = 1, we assume d1|t=0 = 1. First, we have A1|t=0 = B1|t=0 = 0. Second, we
have ∂∂tA1
′|t=0 = ∂∂tB1′|t=0 = pi(tanαk,5 + 2). Finally, since pi(tan(pi − α5) + 2) = 0, we have B1 > 0 if
α5,k > pi − α5, and we have A1 < 0 if α5,k < pi − α5 for small enough t.
Similarly, we have 0 < β5,k + (t/2)pi < pi/2 and pi < pi + β5,k − (t/2)pi < β5,k′ < pi + β5,k − d2(t/2)pi <
3pi/2. Thus
cos(β5,k + (t/2)pi) + cos(pi + β5,k − d2(t/2)pi) · e−pit/2
> | cos(kθ2/2)| −
∣∣∣∣Re
{
2k
(
eiθ2/2 −
√
5e−iθ2/2
)−k}∣∣∣∣
> cos(β5,k + (t/2)pi) + cos(pi + β5,k − (t/2)pi) · (1 + t(pi/k))−k/2.
We denote the upper bound by A2 and the lower bound by B2. Furthermore, we define A2
′ :=
A2/ cos(β5,k − d2(t/2)pi) and B2′ := B2/ cos(β5,k − (t/2)pi). We assume d2|t=0 = 1. First, we have
A2|t=0 = B2|t=0 = 0. Second, we have ∂∂tA2′|t=0 = ∂∂tB2′|t=0 = pi(1/2 − tanβk,5). Finally, since
pi(1/2− tan(pi/2−α5)) = 0 and α5,k = β5,k + pi/2, we have B2 > 0 if α5,k < pi−α5, and we have A2 < 0
if α5,k > pi − α5 for small enough t.
In conclusion, if 4 ∤ k is large enough, then |R∗5,1′| and |R∗5,2′| is small enough, and then we have
one more zero on the arc A∗5,1 when α5,k > pi − α5, and we have one more zero on the arc A∗5,2 when
α5,k < pi − α5. However, if k is small, the proof is unclear.
The remaining subsections in this section detail the proofs of lemmas 4.1, ..., 4.4.
4.6. Proof of Lemma 4.1.
(1) Let k > 4 be an even integer divisible by 4.
First, we consider the case N = 1. Then, we can write:
F ∗k,5(pi/2) = F
∗
k,5,1(pi/2) = 2 cos(kpi/4) +R
∗
5,pi/2
where R∗5,pi/2 denotes the remaining terms.
We have vk(c, d, pi/2) = 1/(c
2+5d2)k/2. Similar to the application of the RSD Method, we will consider
the following cases: N = 2, 5, 10, 13, 17, and N > 25. We have
When N = 2, vk(1, 1, pi/2) 6 (1/6)
k/2.
When N = 5, vk(1, 2, pi/2) 6 (1/21)
k/2, vk(2, 1, pi/2) 6 (1/3)
k.
When N = 10, vk(1, 3, pi/2) 6 (1/46)
k/2, vk(3, 1, pi/2) 6 (1/14)
k/2.
When N = 13, vk(2, 3, pi/2) 6 (1/7)
k, vk(3, 2, pi/2) 6 (1/29)
k/2.
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When N = 17, vk(1, 4, pi/2) 6 (1/21)
k/2, vk(4, 1, pi/2) 6 (1/3)
2k.
When N > 25, c2 + 5d2 > N,
and the number of terms with c2 + d2 = N is not more than (96/25)N1/2 for N > 25. Then
|R∗5,pi/2|N>25 6
192
25(k − 3)
(
1
24
)(k−3)/2
.
Furthermore,
|R∗5,pi/2| 6 4
(
1
6
)k/2
+ 4
(
1
3
)k
+ · · ·+ 4
(
1
3
)2k
+
192
25(k − 3)
(
1
24
)(k−3)/2
,
6 1.77563... (k > 4)
(2) Let k > 4 be an even integer divisible by 4.
F ∗k,5(pi/2 + α5) = e
ik(pi/2+α5)/2E∗k,5(ρ5,2)
=
eik(pi/2+α5)/2
5k/2 + 1
(5k/2 + (2 + i)k)Ek(i).
Thus,
eik(pi/2+α5)/2(5k/2 + (2 + i)k) = 5k/2eik(pi/2+α5)/2(1 + e−ik(pi/2+α5))
= 2 · 5k/2 cos(k(pi/2 + α5)/2).
(3) Let k > 8 be an even integer divisible by 4.
First, we consider the case N = 1. Then, we can write:
F ∗k,5(pi) = F
∗
k,5,2(pi/2) = 2 cos(kpi/4) +R
∗
5,pi.
where R∗5,pi denotes the remaining terms. We will consider the following cases: N = 2, 5, 10, 13, 17, and
N > 25. We have
When N = 2, vk(1, 1, pi/2) 6 (2/3)
k/2.
When N = 5, vk(1, 2, pi/2) 6 (1/21)
k/2, vk(2, 1, pi/2) 6 (1/3)
k.
When N = 10, vk(1, 3, pi/2) 6 (2/23)
k/2, vk(3, 1, pi/2) 6 (2/7)
k/2.
When N = 13, vk(2, 3, pi/2) 6 (1/7)
k, vk(3, 2, pi/2) 6 (1/29)
k/2.
When N = 17, vk(1, 4, pi/2) 6 (1/21)
k/2, vk(4, 1, pi/2) 6 (1/3)
2k.
When N > 25, c2 + 5d2 > N,
and the number of terms with c2 + d2 = N is not more than (96/25)N1/2 for N > 25. Then
|R∗5,pi|N>25 6
1536
25(k − 3)
(
1
6
)(k−3)/2
.
Furthermore,
|R∗5,pi| 6 4
(
2
3
)k/2
+ · · ·+ 4
(
1
3
)2k
+
1536
25(k − 3)
(
1
6
)(k−3)/2
,
6 0.95701... (k > 8)
(4) Let k > 10 be an even integer.
First, we consider the case of N = 1. Since 5pi/6 < pi/2 + α5, we can write:
F ∗k,5(θ) = F
∗
k,5,1(θ) = 2 cos(kθ/2) +R
∗
5,5pi/6 for θ ∈ [pi/2, 5pi/6],
where R∗5,5pi/6 denotes the remaining terms. We will consider the following cases: N = 2, 5, 10, and
N > 13. Considering −√3/2 6 cos θ 6 0, we have
When N = 2, vk(1, 1, θ) 6 1/
(
6−
√
15
)k/2
, vk(1,−1, θ) 6 (1/6)k/2.
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When N = 5, vk(1, 2, θ) 6 1/
(
21− 2
√
15
)k/2
, vk(1,−2, θ) 6 (1/21)k/2,
vk(2, 1, θ) 6 1/
(
9− 2
√
15
)k/2
, vk(2,−1, θ) 6 (1/3)k.
When N = 10, vk(1, 3, θ) 6 1/
(
46− 3
√
15
)k/2
, vk(1,−3, θ) 6 (1/46)k/2,
vk(3, 1, θ) 6 1/
(
14− 3
√
15
)k/2
, vk(3,−1, θ) 6 (1/14)k/2.
When N > 13, |ceiθ/2 ±
√
5de−iθ/2|2 > N/5,
and the number of terms with c2 + d2 = N is not more than (21/5)N1/2 for N > 13. Then
|R∗5,5pi/6|N>13 6
1008
√
3
5(k − 3)
(
5
12
)(k−3)/2
.
Furthermore,
|R∗5,pi/2| 6 2
(
1
9− 2√15
)k/2
+ · · ·+ 2
(
1
46
)k/2
+
1008
√
3
5(k − 3)
(
5
12
)(k−3)/2
,
6 1.34372... (k > 10)

In the proofs of the remaining lemmas, we will use the algorithm of subsection 3.7. Furthermore,
we have X1 = vk(2, 1, θ1)
−2/k > 1 + 4t(pi/k) in the proof of lemmas 4.3 and 4.3, and we have X1 =
(1/4) vk(1,−1, θ2)−2/k > 1 + t(pi/k) in the proof of lemmas 4.4 and 4.4.
4.7. Proof of Lemma 4.2.
(3) Let k > 12 and x = pi/(2k), then 0 6 x 6 pi/24, and then 1− cosx > (32/33)x2. Thus, we have
1
4
|eiθ/2 −
√
5e−iθ/2|2 > 1
4
(6− 2
√
5 cos(α5 + x)) > 1 +
16
11
x2.
1
2k
|eiθ/2 +
√
5e−iθ/2|k > 1 + 96
11
x2 (k > 12).
2k · 2vk(1, 1, θ) 6 2− 288pi
2
pi2 + 66
1
k2
.
In inequality(18), replace 2 with the bound 2− 288pi2pi2+66 1k2 . Then
|R∗5,2| 6 2−
288pi2
pi2 + 66
1
k2
+ 2
(
2
3
)k/2
+ · · ·+ 2
(
1
129
)k/2
+
2112
√
33
k − 3
(
8
33
)k/2
.
Furthermore, (2/3)k/2 is more rapidly decreasing in k than 1/k2, and for k > 12, we have
|R∗5,2| 6 1.9821...
We have c0 = c0,1 6 cos(c0
′pi).
(1) Let (t, b, s, k0) = (1/6, 59/10, 2, 12), then we can define a1 := 25. Furthermore, let
(c1
′, c0,1, a1,1, u1) = (1, 1/2, 25, 2/3), then we can define c1 := 2, a2,1 := 111, and then we have Y1 =
0.38101... > 0.
(2) Let (t, b, s, k0) = (9/40, 5, 2, 58), then a1 := 1/100. Furthermore, let
(c1
′, c0,1, a1,1, u1) = (1, 27/100, 1/100, 9/10), then c1 := 100/27, a2,1 := 1, and then Y1 = 0.14683... > 0.
(4) Let (t, b, s, k0) = (1/2, 11/5, 3/2, 22), then a1 := 5/2. Furthermore, let
(c1
′, c0,1, a1,1, u1) = (1, 1/2, 5/2, 1/2), then c1 := 2, a2,1 := 11, and then Y1 = 0.078258... > 0.
(5) Let (t, b, s, k0) = (1/5, 41/20, 3/2, 46), then a1 := 1/2. Furthermore, let
(c1
′, c0,1, a1,1, u1) = (1, 37/50, 1/2, 1/5), then c1 := 50/37, a2,1 := 1, and then Y1 = 0.021834... > 0.

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4.8. Proofs of Lemma 4.3 and Lemma 4.4.
Proof of Lemma 4.3 We have c0 = c0,1 6 cos(c0
′pi) = − cos((x/180)pi − (t/2)pi). Furthermore, when
13pi/20 6 (x/180)pi < α5,k < (y/180)pi 6 7pi/10, we have 3pi/2 < pi + (x/180)pi + d1(t/2)pi < α5,k
′ <
pi + (y/180)pi + (t/2)pi < 2pi. Thus, we can define c1
′ such that c1′ > cos(pi + (y/180)pi + (t/2)pi).
(2) Let (b, s) = (21/5, 2), then a1 := 27/2. Furthermore, let
(c1
′, c0,1, a1,1, u1) = (643/1000, 179/500, 27/2, 2/5), then c1 := 643/358, a2,1 := 69, and then Y1 =
0.019768... > 0.
For the following items, we have (b, s) = (41/10, 2), then we can define a1 := 1/100.
(1) Let (c1
′, c0,1, a1,1, u1) = (1521/2000, 3/10, 1/100, 3/5), then c1 := 507/200, a2,1 := 1/10, and then
Y1 = 0.0069363... > 0.
(3) Let (c1
′, c0,1, a1,1, u1) = (63/100, 339/1000, 1/100, 2/5), then c1 := 210/113, a2,1 := 1/10, and then
Y1 = 0.0094197... > 0.
(4) Let (c1
′, c0,1, a1,1, u1) = (2939/5000, 3567/10000, 1/100, 8/25), then c1 := 5878/3567, a2,1 := 1/20,
and then Y1 = 0.0012860... > 0.
(5) Let (c1
′, c0,1, a1,1, u1) = (5607/10000, 3697/10000, 1/100, 4/15), then c1 := 5607/3697, a2,1 := 1/20,
and then Y1 = 0.00069598... > 0.
(6) Let (c1
′, c0,1, a1,1, u1) = (2731/5000, 1877/5000, 1/100, 6/25), then c1 := 2731/1877, a2,1 := 1/25, and
then Y1 = 0.0011623... > 0.
(7) Let (c1
′, c0,1, a1,1, u1) = (1323/2500, 387/1000, 1/100, 1/5), then c1 := 294/215, a2,1 := 1/25, and then
Y1 = 0.00046395... > 0.
(8) Let (c1
′, c0,1, a1,1, u1) = (5199/10000, 3923/10000, 1/100, 9/50), then c1 := 5199/3923, a2,1 := 1/25,
and then Y1 = 0.00067225... > 0.
(9) Let (c1
′, c0,1, a1,1, u1) = (5113/10000, 3981/10000, 1/100, 4/25), then c1 := 5113/3981, a2,1 := 1/25,
and then Y1 = 0.032262... > 0.
(10) Let (c1
′, c0,1, a1,1, u1) = (51/100, 397/1000, 1/100, 4/25), then c1 := 510/397, a2,1 := 1/25, and then
Y1 = 0.032358... > 0. 
Proof of Lemma 4.4 We have cos(c0
′pi) = cos((y/180)pi − pi/2 + (t/2)pi). Furthermore, when 19pi/30 6
(x/180)pi < α5,k < (y/180)pi 6 29pi/45, we have 2pi/15 6 (x/180)pi − pi/2 < β5,k < (y/180)pi − pi/2 6
13pi/90 and pi < pi+(x/180)pi− pi/2− (t/2)pi < β5,k′ < pi+(y/180)pi− pi/2− d2(t/2)pi < 3pi/2. Thus, we
can define c1
′ such that c1′ > − cos(pi + (x/180)pi − pi/2− (t/2)pi).
For each item, we have (b, s) = (41/20, 3/2), then we can define a1 := 1/100.
(1) Let (c1
′, c0,1, a1,1, u1) = (493/500, 96/125, 1/100, 4/25), then c1 := 493/384, a2,1 := 1/50, and then
Y1 = 0.0016658... > 0.
(2) Let (c1
′, c0,1, a1,1, u1) = (4839/5000, 2007/2500, 1/100, 3/25), then c1 := 1613/1338, a2,1 := 1/50, and
then Y1 = 0.0024495... > 0.
(3) Let (c1
′, c0,1, a1,1, u1) = (24/25, 81/100, 1/100, 1/10), then c1 := 32/27, a2,1 := 1/50, and then Y1 =
0.0051974... > 0. 
5. Γ∗0(7) (For Conjecture 1.2)
As for the case of Γ∗0(5), to prove Conjecture 1.2 is difficult. Again, the difficulties arise from the
argument Arg(ρ7,2).
We will prove the lemmas of this section in the final part of this section.
5.1. E∗k,7 of low weights. First, we have the following bounds.
Lemma 5.1. Let k > 4 be an even integer.
(1)
F ∗k,7(pi/2)


> 0 k ≡ 0 (mod 8)
< 0 k ≡ 4 (mod 8)
= 0 k ≡ 2 (mod 4)
.
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(2)
F ∗4,7(5pi/6) > 0.
(3) For an even integer k > 6, we can write
F ∗k,7(θ) = 2 cos(kθ/2) +R
∗
7,2pi/3, and have |R∗7,2pi/3| < 2 for θ ∈ [pi/2, 2pi/3].
(4) For an even integer k > 6, we can write
F ∗k,7(θ) = 2 cos(kθ/2) +R
∗
7,pi, and have |R∗7,pi| < 2 for θ ∈ [pi, 7pi/6].
(5) For an even integer k > 8, we can write
F ∗k,7(θ) = 2 cos(kθ/2) +R
∗
7,5pi/6, and have |R∗7,5pi/6| < 2 for θ ∈ [pi/2, 5pi/6].
We will present a proof of the above lemma in Subsection 5.7. Now, we have the following proposition:
Proposition 5.1. The location of the zeros of the Eisenstein series E∗k,7 in F
∗(7) for k = 4, 6, and 12
are follows :
k v∞ vi/√7 vρ7,1 vρ7,2 V
∗
7
4 0 0 0 1 1
6 0 1 1 0 1
12 0 0 0 0 4
where V ∗7 denote the number of simple zeros of the Eisenstein series E
∗
k,7 on A
∗
7,1 ∪ A∗7,2.
Proof.
(k = 4) We have F ∗4,7(pi/2) < 0 by Lemma 5.1 (1), and we have F
∗
4,7(5pi/6) > 0 by Lemma 5.1 (2). Thus,
E∗4,7 has at least one zero on A
∗
7,1. In addition, by the previous subsubsections, we have vρ7,2 (E
∗
4,7) > 1.
Furthermore, by the valence formula for Γ∗0(7) (Proposition 2.2), E
∗
4,7 has no other zeros.
(k = 6) We have F ∗6,7(2pi/3) > 0 by Lemma 5.1 (3), and we have F
∗
6,7(pi) < 0 by Lemma 5.1 (4), thus
E∗6,7 has at least one zero on A
∗
7,1 ∪ A∗7,2. By previous subsubsection, we have vi/√7(E∗6,7) > 1 and
vρ7,1 (E
∗
6,7) > 1. Furthermore, by the valence formula for Γ
∗
0(7), E
∗
6,7 has no other zeros.
(k = 12) We have F ∗12,7(pi/2) < 0, F
∗
12,7(2pi/3) > 0, F
∗
12,7(5pi/6) < 0 by Lemma 5.1 (5), and we have
F ∗12,7(pi) > 0, F
∗
12,7(7pi/6) < 0 by Lemma 5.1 (4). Thus, E
∗
12,7 has at least four zeros on A
∗
7,1 ∪ A∗7,2.
Furthermore, by the valence formula for Γ∗0(7), E
∗
12,7 has no other zeros.

5.2. All but at most 2 zeros. We have the following lemma:
Lemma 5.2. We have the following bounds:
“We have |R∗7,1| < 2 cos(c0′pi) for θ1 ∈ [pi/2, pi/2 + α7 − tpi/k]”
(1) For k > 10, (c0
′, t) = (1/3, 1/3).
(2) For k > 80, (c0
′, t) = (41/100, 8/25).
(3) For k > 22, (c0
′, t) = (13/36, 1/3).
“We have |R∗7,2| < 2 cos(c0′pi) for θ2 ∈ [α7 − pi/6 + tpi/k, pi/2]”
(4) For k > 8, (c0
′, t) = (1/6, 1/2).
(5) For k = 26, k > 44, (c0
′, t) = (1/3, 2/3).
(6) For k > 70, (c0
′, t) = (1/4, 1/2).
(7) For k > 200, (c0
′, t) = (5/18, 1/2).
5.2.1. The case 6 | k. In agreement with expectations we have at most k/3 (resp. (k − 3)/3) zeros on
the arc A∗7,1 ∪ A∗7,2 when k ≡ 0 (mod 12) (resp. k ≡ 6 (mod 12)) between adjacent integer points (i.e.
cos (kθ/2) = ±1). By Lemma 5.2 (1) and (4), we can prove |R∗7,1| < 2 or |R∗7,2| < 2 at all of the integer
points that satisfy θ1 ∈ [pi/2, pi/2+α7 − pi/(3k)] or θ2 ∈ [α7 − pi/6+ pi/(2k), pi/2], respectively. Then, we
have all but at most 2 zeros on A∗7.
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5.2.2. The case k ≡ 2 (mod 6). We have at most (k−2)/3−1 (resp. (k−2)/3) zeros on the arc A∗7,1∪A∗7,2
when k ≡ 2 (mod 12) (resp. k ≡ 8 (mod 12)) between adjacent integer points.
The case 0 < α5,k < 2pi/3. When k ≡ 2 (mod 12), between the first integer point and the last one for
A∗7,1, we have (kα7/2−pi/2−α7,k)/pi+1 integer points, then we expect (kα7/2−pi/2−α7,k)/pi zeros on the
arc A∗7,1. Similarly, we expect (k(2pi/3−α7)/2− pi/2− (pi− β7,k))/pi zeros on the arc A∗7,2. Furthermore,
we have α7,k +(pi−β7,k) = 2pi/3. Thus, we expect (k− 2)/3− 1 zeros on the arc A∗7,1 ∪A∗7,2. Also, when
k ≡ 8 (mod 12), we expect (k − 2)/3 zeros. By Lemma 5.2 (1) and (4), we prove all but at most one of
the zeros are on A∗7.
The case 2pi/3 < α5,k < pi. We expect (k − 2)/3− 2 (resp. (k − 2)/3− 1) zeros between adjacent integer
points for A∗7,1∪A∗7,2 when k ≡ 2 (mod 12) (resp. k ≡ 8 (mod 12)). By Lemma 5.2 (1) and (4), we prove
all but at most one of the zeros are on A∗7.
5.2.3. The case k ≡ 4 (mod 6). We have at most (k−1)/3 (resp. (k−1)/3−1) zeros on the arc A∗7,1∪A∗7,2
when k ≡ 4 (mod 12) (resp. k ≡ 10 (mod 12)) between adjacent integer points.
The case 0 < α5,k < pi/3. When k ≡ 4 (mod 12), we expect (k−1)/3 zeros on the arc A∗7,1∪A∗7,2 between
adjacent integer points. Also, when k ≡ 10 (mod 12), we expect (k − 1)/3− 1 zeros. By Lemma 5.2 (1)
and (4), we prove all but at most two of the zeros are on A∗7.
The case pi/3 < α5,k < pi. We expect (k − 1)/3− 1 (resp. (k − 1)/3− 2) zeros between adjacent integer
points for A∗7,1 ∪ A∗7,2 when k ≡ 4 (mod 12) (resp. k ≡ 10 (mod 12)). By Lemma 5.2 (1) and (4), we
prove all but at most one of the zeros are on A∗7.
In conclusion, we have the following proposition:
Proposition 5.2. Let k > 4 be an even integer. All but at most two of the zeros of E∗k,7(z) in F
∗(7) are
on the arc A∗7.
5.3. The case 6 | k. We can prove |R∗7,1| < 2 at all of the integer points for A∗7,1 when pi/6 < α7,k, and
we can prove this bound at all of the integer points less than the last one when α7,k < pi/6. On the other
hand, for A∗7,2, we can prove |R∗7,2| < 2 at all of the integer points when α7,k < pi/4, and we can prove
this bound at all of the integer points greater than the first one when pi/4 < α7,k.
We can write
F ∗k,7,1(θ1) = 2 cos (kθ1/2) + 2Re(2e
−iθ1/2 +
√
7eiθ1/2)−k + 2Re(3e−iθ1/2 +
√
7eiθ1/2)−k +R∗7,1
′,
F ∗k,7,2(θ2) = 2 cos (kθ2/2) + 2
k · 2Re(e−iθ2/2 −
√
7eiθ2/2)−k + 2k · 2Re(3e−iθ2/2 −
√
7eiθ2/2)−k +R∗7,2
′.
When 0 < α7,k < pi/8, the last integer point for A
∗
7,1 is in the interval [pi/2 + α7 − pi/(8k), pi/2 + α7].
We have |R∗7,1′| < 2 and Sign{cos(kθ1/2)} = Sign{Re(2e−iθ1/2 +
√
7eiθ1/2)−k} = Sign{Re(3e−iθ1/2 +√
7eiθ1/2)−k} for θ1 ∈ [pi/2 + α7 − pi/(8k), pi/2 + α7].
When pi/8 < α7,k < pi/6, we can use Lemma 5.2 (1). Instead of the last integer point for A
∗
7,1,
we consider the point such that kθ1/2 = k(pi/2 + α7)/2 − α7,k − pi/3. Then, we have |R∗7,1| < 1 and
2 cos(kθ1/2) = ±1 at this point.
When pi/4 < α7,k < 5pi/6, we can use Lemma 5.2 (4). We consider the point such that kθ2/2 =
k(α7 − pi/6)/2 + (pi − β7,k) + pi/6. Then, we have |R∗7,2| <
√
3 and 2 cos(kθ2/2) = ±
√
3 at this point.
When 5pi/6 < α7,k < pi, the first integer point for A
∗
7,2 is in the interval [α7 − pi/6 + pi/(6k), pi/2].
We have|R∗7,2′| < 2 and Sign{cos(kθ2/2)} = Sign{Re(e−iθ2/2 −
√
7eiθ2/2)−k} = Sign{Re(3e−iθ2/2 −√
7eiθ2/2)−k} for θ2 ∈ [α7 − pi/6 + pi/(6k), pi/2].
Thus, we have the following proposition:
Proposition 5.3. Let k > 4 be an integer which satisfies 6 | k. All of the zeros of E∗k,7(z) in F∗(7) are
on the arc A∗7.
A DETAILED NOTE ON THE ZEROS OF EISENSTEIN SERIES FOR Γ∗
0
(5) AND Γ∗
0
(7) 27
5.4. The case k ≡ 2 (mod 6).
5.4.1. The case 0 < α5,k < 2pi/3. At the integer points for A
∗
7,1, we can use Lemma 5.2 (1). We can
prove |R∗7,1| < 2 at all of the integer points when pi/6 < α7,k, and we can prove this bound at all of
the integer points less than the last integer when α7,k < pi/6. When α7,k < pi/6, we consider the point
kθ1/2 = k(pi/2 + α7)/2− α7,k − pi/3.
On the other hand, at the integer points for A∗7,2, we can use Lemma 5.2 (4) and (5). We can prove
|R∗7,2| < 2 at all of the integer points when α7,k < 5pi/12 (i.e. β7,k < pi/4), and we can prove this bound
at all of the integer points greater than the first integer when 5pi/12 < α7,k. Furthermore, we consider
the point kθ2/2 = k(α7 − pi/6)/2 + (pi − β7,k) + pi/6 when 5pi/12 < α7,k < 7pi/12 using Lemma 5.2 (4),
and we consider the point kθ2/2 = k(α7 − pi/6)/2 + (pi − β7,k) + pi/3 when 7pi/12 < α7,k < 2pi/3 using
Lemma 5.2 (5).
5.4.2. The case 2pi/3 < α5,k < pi. We have the following lemmas:
Lemma 5.3. Let k ≡ 2 (mod 6). We have the following bounds:
“When (x/180)pi < α7,k < (y/180)pi, we have |R∗7,1| < 2 cos(c0′pi) for k > k0 and θ1 = pi/2+ α7 − tpi/k.”
(1) (x, y) = (131.5, 135), (c0
′, k0, t) = (71/180, 212, 1/4).
(2) (x, y) = (130.1, 131.5), (c0
′, k0, t) = (2743/7200, 740, 83/400).
(3) (x, y) = (129.5, 130.1), (c0
′, k0, t) = (53/144, 872, 7/40).
(4) (x, y) = (129.18, 129.5), (c0
′, k0, t) = (541/1500, 1000, 47/300).
(5) (x, y) = (129, 129.18), (c0
′, k0, t) = (1063/3000, 1000, 71/500).
(6) (x, y) = (128.86, 129), (c0
′, k0, t) = (2519/7200, 1000, 263/2000).
(7) (x, y) = (128.77, 128.86), (c0
′, k0, t) = (6221/18000, 1000, 61/500).
(8) (x, y) = (128.71, 128.77), (c0
′, k0, t) = (30793/90000, 1000, 143/1250).
(9) (x, y) = (128.68, 128.71), (c0
′, k0, t) = (6113/18000, 1000, 109/1000).
Lemma 5.4. Let k ≡ 2 (mod 6). We have the following bounds:
“When (x/180)pi < α7,k < (y/180)pi, we have |R∗7,2| < 2 cos(c0′pi) for k > k0 and θ2 = α7 − pi/6+ tpi/k.”
(1) (x, y) = (120, 126.7), (c0
′, k0, t) = (971/3600, 194, 93/200).
(2) (x, y) = (126.7, 127.3), (c0
′, k0, t) = (379/1800, 500, 17/50).
(3) (x, y) = (127.3, 127.63), (c0
′, k0, t) = (3403/18000, 1000, 22/75).
(4) (x, y) = (127.63, 127.68), (c0
′, k0, t) = (259/1500, 1000, 13/50).
We need one more zero between the last integer point for A∗7,1 and the first one for A
∗
7,2. For the
remaining zero, we consider following cases.
(i). “The case 3pi/4 < α5,k < pi”
• When 3pi/4 < α7,k < 5pi/6, we can use Lemma 5.2 (2).
• When 5pi/6 < α7,k < pi, we can use Lemma 5.2 (1).
For each case, we consider the point such that kθ1/2 = k(pi/2 + α7)/2 − α7,k + pi − c0′pi. We have
α7,k − pi + c0′pi > (t/2)pi and |R∗7,1| < 2 cos(c0′pi), and we have 2 cos(kθ1/2) = ±2 cos(c0′pi). Then, we
have at least one zero between the second to last integer point for A∗7,1 and the point kθ1/2.
(ii). “The case 3217pi/4500 < α7,k < 3pi/4”
We can use Lemma 5.3. For each case, we consider the point such that kθ1/2 = k(pi/2+α7)/2−(t/2)pi.
We have α7,k−pi+c0′pi > (t/2)pi and |R∗7,1| < 2 cos(c0′pi), and we have |2 cos(kθ1/2)| > 2 cos(c0′pi). Then,
we have at least one zero between the second to the last integer point for A∗7,1 and the point kθ1/2.
(iii). “The case 2pi/3 < α7,k < 266pi/375”
Similar to the case (ii), we can use Lemma 5.4. We consider the point such that kθ2/2 = k(α7 −
pi/6)/2 + (t/2)pi for each case.
In conclusion, we have the following proposition:
Proposition 5.4. Let k > 4 be an integer which satisfies k ≡ 2 (mod 6), and let α7,k ∈ [0, pi] be the
angle that satisfies α7,k ≡ k(pi/2 + α7)/2 (mod pi). If we have α7,k < 266pi/375 or 3217pi/4500 < α7,k,
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then all of the zeros of E∗k,7(z) in F
∗(7) are on the arc A∗7. Otherwise, all but at most one zero of E
∗
k,7(z)
in F∗(7) are on A∗7
5.5. The case k ≡ 4 (mod 6).
5.5.1. The case 0 < α5,k < pi/3. Similar to the previous subsubsection, at the integer points for A
∗
7,1, we
can use Lemma 5.2 (1). When pi/6 < α7,k, we can prove at all of the integer points. When α7,k < pi/6,
we consider the point kθ1/2 = k(pi/2 + α7)/2− α7,k − pi/3.
On the other hand, at the integer points for A∗7,2, we can use Lemma 5.2 (4) and (6). By Lemma
5.2 (4), we can prove at all of the integer points greater than the first one, and we consider the point
kθ2/2 = k(α7− pi/6)/2+ (pi− β7,k) + pi/6 when 0 < α7,k < pi/4. Further, by Lemma 5.2 (6), we consider
the point kθ2/2 = k(α7 − pi/6)/2 + (pi − β7,k) + pi/3 when pi/4 < α7,k < pi/3.
5.5.2. The case pi/3 < α5,k < pi. We have the following lemmas:
Lemma 5.5. Let k ≡ 4 (mod 6). We have the following bounds:
“When (x/180)pi < α7,k < (y/180)pi, we have |R∗7,1| < 2 cos(c0′pi) for k > k0 and θ1 = pi/2+ α7 − tpi/k.”
(1) (x, y) = (127.6, 135), (c0
′, k0, t) = (1841/4500, 118, 59/250).
(2) (x, y) = (120, 127.6), (c0
′, k0, t) = (11/24, 100, 1/4).
Lemma 5.6. Let k ≡ 4 (mod 6). We have the following bounds:
“When (x/180)pi < α7,k < (y/180)pi, we have |R∗7,2| < 2 cos(c0′pi) for k > k0 and θ2 = α7 − pi/6+ tpi/k.”
(1) (x, y) = (65, 90), (c0
′, k0, t) = (11/30, 10, 2/5).
(2) (x, y) = (90, 100), (c0
′, k0, t) = (19/45, 28, 2/5).
Now, we can write
F ∗k,7,1(θ1) = 2 cos (kθ1/2) + 2Re(3e
−iθ1/2 +
√
7eiθ1/2)−k +R∗7,1
′′,
F ∗k,7,2(θ2) = 2 cos (kθ2/2) + 2
k · 2Re(3e−iθ2/2 −
√
7eiθ2/2)−k +R∗7,2
′′.
Lemma 5.7. When k ≡ 4 (mod 6) and 73pi/120 < α7,k < 2pi/3,
we have Sign{cos (kθ1/2)} = Sign{Re(3e−iθ1/2 +
√
7eiθ1/2)−k} and the following bounds:
“When (x/180)pi < α7,k < (y/180)pi, we have |R∗7,1′′| < |2 cos (kθ1/2) + 2Re(3e−iθ1/2 +
√
7eiθ1/2)−k|
for k > k0 and θ1 = pi/2 + α7 − tpi/k.”
(1) (x, y) = (111.6, 120), (k0, t) = (82, 23/150).
(2) (x, y) = (110.1, 111.6), (k0, t) = (742, 1/10).
(3) (x, y) = (109.65, 110.1), (k0, t) = (1000, 43/625).
(4) (x, y) = (109.5, 109.65), (k0, t) = (1000, 21/400).
Lemma 5.8. When k ≡ 4 (mod 6) and 5pi/9 < α7,k < 217pi/360,
we have Sign{cos (kθ2/2)} = Sign{Re(3e−iθ2/2 −
√
7eiθ2/2)−k} and the following bounds:
“When (x/180)pi < α7,k < (y/180)pi, we have |R∗7,2′′| < |2 cos (kθ2/2) + 2k · 2Re(3e−iθ2/2 −
√
7eiθ2/2)−k|
for k > k0 and θ2 = α7 − pi/6 + tpi/k.”
(1) (x, y) = (100, 106), (k0, t) = (46, 3/10).
(2) (x, y) = (106, 107.7), (k0, t) = (196, 11/50).
(3) (x, y) = (107.7, 108.21), (k0, t) = (1000, 33/200).
(4) (x, y) = (108.21, 108.42), (k0, t) = (1000, 2/15).
(5) (x, y) = (108.42, 108.5), (k0, t) = (1000, 113/1000).
We need one more zero between the last integer point for A∗7,1 and the first integer point for A
∗
7,2. For
this remaining zero, we consider following cases.
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(i). “The case 3pi/4 < α5,k < pi”
• When 5pi/6 < α7,k < pi, we can use Lemma 5.2 (1).
• When 29pi/36 < α7,k < 5pi/6, we can use Lemma 5.2 (3).
• When 3pi/4 < α7,k < 5pi/6, we can use Lemma 5.2 (2).
Similar to the case (i) in the previous subsubsection, we consider the point such that kθ1/2 = k(pi/2 +
α7)/2− α7,k + pi − c0′pi.
(ii). “The case pi/3 < α7,k < 13pi/36”
Similar to the case (i), we can use Lemma 5.2 (7). We consider the point such that kθ2/2 =
k(α7 − pi/6)/2− β7,k + 5pi/18 for each case.
(iii). “The case 2pi/3 < α7,k < 3pi/4”
Similar to the case (ii) in the previous subsubsection, we can use Lemma 5.5. We consider the point
such that kθ1/2 = k(pi/2 + α7)/2− (t/2)pi.
(iv). “The case 13pi/36 < α7,k < 5pi/9”
Similar to the case (iii), we can use Lemma 5.6. We consider the point such that kθ2/2 = k(α7 −
pi/6)/2 + (t/2)pi for each case.
(v). “The case 73pi/120 < α7,k < 2pi/3”
We can use Lemma 5.7. For each case, we consider the point such that kθ1/2 = k(pi/2 + α7)/2 −
(t/2)pi. We have Sign{cos (kθ1/2)} = Sign{Re(3e−iθ1/2 +
√
7eiθ1/2)−k} and |R∗7,1′′| < 2 cos (kθ1/2) +
2Re(3e−iθ1/2 +
√
7eiθ1/2)−k. Then, we can show Sign{cos (kθ1/2)} = Sign{F ∗k,7,1(θ1)} , and then we
have at least one zero between the second to last integer point for A∗7,1 and the point kθ1/2.
(vi). “The case 5pi/9 < α7,k < 217pi/360”
Similar to the case (v), we can use Lemma 5.8.
In conclusion, we have the following proposition:
Proposition 5.5. Let k > 4 be an integer which satisfies k ≡ 4 (mod 6), and let α7,k ∈ [0, pi] be the
angle that satisfies α7,k ≡ k(pi/2 + α7)/2 (mod pi). If we have α7,k < 217pi/360 or 73pi/120 < α7,k, then
all of the zeros of E∗k,7(z) in F
∗(7) are on the arc A∗7. Otherwise, all but at most one zero of E
∗
k,7(z) in
F∗(7) are on A∗7
5.6. The remaining cases “k ≡ 2 (mod 6), 266pi/375 < α7,k < 3217pi/4500” and “k ≡ 4 (mod 6),
217pi/360 < α7,k < 73pi/120”. Similar to Subsection 4.5, it is difficult to prove for these remaining cases,
and these cannot be proved in a similar way. However, when k is large enough, we have the following
observation.
5.6.1. The case “k ≡ 2 (mod 6) and 266pi/375 < α7,k < 3217pi/4500”. Let t > 0 be small enough, then
we have pi/2 < α7,k − (t/2)pi < pi, pi < 2pi/3 + α7,k + d1,1(t/2)pi < α7,k,1′ < 2pi/3 + α7,k + (t/2)pi < 3pi/2,
and 2pi < 4pi/3 + α7,k − tpi < α7,k,2′ < 4pi/3 + α7,k − d1,2(t/2)pi < 5pi/2. Thus, we have
− cos(α7,k − (t/2)pi)− cos(2pi/3 + α7,k + d1,1(t/2)pi) · (1 + 2
√
3t(pi/k))−k/2
− cos(4pi/3 + α7,k − d1,2(t/2)pi) · e−(3
√
3/2)pit
> | cos(kθ1/2)|+
∣∣∣∣Re
{(
2eiθ1/2 +
√
7e−iθ1/2
)−k}∣∣∣∣
−
∣∣∣∣Re
{(
3eiθ1/2 +
√
7e−iθ1/2
)−k}∣∣∣∣
> − cos(α7,k − (t/2)pi)− cos(2pi/3 + α7,k + (3t/2)pi) · e−
√
3pit
− cos(4pi/3 + α7,k − tpi) · (1 + 3
√
3t(pi/k))−k/2.
We denote the upper bound by A1 and the lower bound by B1. First, we have A1|t=0 = B1|t=0 = 0 and
∂
∂tA1|t=0 = ∂∂tB1|t=0 = 0. Second, let C1 = (5
√
3/2)pi2(− cosα7,k)(tanα7,k + 11/(5
√
3)), then we have
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∂2
∂t2A1|t=0 = C1+6pi2(− cos(2pi/3+α7,k))/k and ∂
2
∂t2B1|t=0 = C1− (27/2)pi2 cos(4pi/3+α7,k)/k. Finally,
since tan(3pi/2 − 2α7) + 11/(5
√
3) = 0, we have B1 > 0 if α7,k > 3pi/2 − 2α7, and we have A1 < 0 if
α7,k < 3pi/2− 2α7 for k large enough and for t small enough.
Similarly, we have 0 < β7,k + (t/2)pi < pi/2, pi < 4pi/3 + β7,k − (3t/4)pi < β7,k,1′ < 4pi/3 + β7,k −
d2,1(t/2)pi < 3pi/2, and pi/2 < 2pi/3 + β7,k + d2,2(t/2)pi < β7,k,2
′ < 2pi/3 + β7,k + (t/4)pi < pi. Thus
cos(β7,k + (t/2)pi)
+ cos(4pi/3 + β7,k − d2,1(t/2)pi) · (1 + (
√
3/2)t(pi/k) + (1/2)t2(pi2/k2))−k/2
+ cos(2pi/3 + β7,k + d2,2(t/2)pi) · e−(3
√
3/4)pit
> | cos(kθ2/2)| −
∣∣∣∣Re
{
2k ·
(
eiθ2/2 −
√
7e−iθ2/2
)−k}∣∣∣∣
−
∣∣∣∣Re
{
2k ·
(
3eiθ2/2 −
√
7e−iθ2/2
)−k}∣∣∣∣
> cos(β7,k + (t/2)pi) + cos(4pi/3 + β7,k − (3t/4)pi) · e−(
√
3/4)pit
+ cos(2pi/3 + β7,k + (t/4)pi) · (1 + (3
√
3/2)t(pi/k))−k/2.
We denote the upper bound by A2 and the lower bound by B2. First, we have A2|t=0 = B2|t=0 = 0 and
∂
∂tA2|t=0 = ∂∂tB2|t=0 = 0. Second, let C2 =
√
3pi2 cosβ7,k(
√
3/12− tanβ7,k), then we have ∂2∂t2A2|t=0 =
C2+(1/8)pi
2(− cos(4pi/3+ β7,k))/k and ∂2∂t2B2|t=0 = C2− (27/8)pi2(− cos(2pi/3+ β7,k))/k. Finally, since√
3/12− tan(5pi/6− 2α7) = 0 and α7,k = β7,k +2pi/3, we have B2 > 0 if α7,k < 3pi/2− 2α7, and we have
A2 < 0 if α7,k > 3pi/2− 2α7 for k large enough and for t small enough.
In conclusion, if k is large enough, then |R∗7,1′| and |R∗7,2′| is small enough, and then we have one
more zero on the arc A∗7,1 when α7,k > 3pi/2 − 2α7, and we have one more zero on the arc A∗7,2 when
α7,k < 3pi/2− 2α7. However, if k is small, the proof not clear.
5.6.2. The case “k ≡ 4 (mod 6) and 217pi/360 < α7,k < 73pi/120”. Let t > 0 be small enough, then
we have
− cos(α7,k − (t/2)pi)− cos(4pi/3 + α7,k + (3t/2)pi) · e−
√
3pit
− cos(2pi/3 + α7,k − tpi) · (1 + 3
√
3t(pi/k))−k/2
> | cos(kθ1/2)| −
∣∣∣∣Re
{(
2eiθ1/2 +
√
7e−iθ1/2
)−k}∣∣∣∣
+
∣∣∣∣Re
{(
3eiθ1/2 +
√
7e−iθ1/2
)−k}∣∣∣∣
> − cos(α7,k − (t/2)pi)− cos(4pi/3 + α7,k + d1,1(t/2)pi) · (1 + 2
√
3t(pi/k))−k/2
− cos(2pi/3 + α7,k − d1,2(t/2)pi) · e−(3
√
3/2)pit.
We denote the upper bound by A1 and the lower bound by B1. First, we have A1|t=0 = B1|t=0 = 0.
Second, we have ∂∂tA1|t=0 = ∂∂tB1|t=0 = (3pi/2)(− cosα7,k)(5/
√
3 + tanα7,k). Finally, we have B1 > 0 if
α7,k > pi − α7, and we have A1 < 0 if α7,k < pi − α7 for t small enough.
Similarly, we have
cos(β7,k + (t/2)pi)
+ cos(4pi/3 + β7,k − (3t/4)pi) · (1 + (
√
3/2)t(pi/k) + (1/2)t2(pi2/k2))−k/2
+ cos(2pi/3 + β7,k + (t/4)pi) · (1 + (3
√
3/2)t(pi/k))−k/2
> | cos(kθ2/2)| −
∣∣∣∣Re
{
2k ·
(
eiθ2/2 −
√
7e−iθ2/2
)−k}∣∣∣∣
+
∣∣∣∣Re
{
2k ·
(
3eiθ2/2 −
√
7e−iθ2/2
)−k}∣∣∣∣
> cos(β7,k + (t/2)pi) + cos(4pi/3 + β7,k − d2,1(t/2)pi) · e−(
√
3/4)pit
+ cos(2pi/3 + β7,k + d2,2(t/2)pi) · e−(3
√
3/4)pit.
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We denote the upper bound by A2 and the lower bound by B2. First, we have A2|t=0 = B2|t=0 = 0.
Second, we have ∂∂tA2|t=0 = ∂∂tB2|t=0 = (3pi/2) cosβ7,k(2/
√
3−tanβ7,k). Finally, since 2/
√
3−tan(2pi/3−
α7) = 0 and α7,k = β7,k + 4pi/3, we have B2 > 0 if α7,k < pi − α7, and we have A2 < 0 if α7,k > pi − α7
for t small enough.
In conclusion, if k is large enough, then we have one more zero on the arc A∗7,1 when α7,k > pi − α7,
and we have one more zero on the arc A∗7,2 when α7,k < pi − α7.
The remaining subsections in this section detail the proofs of lemmas 5.1, ..., 5.8
5.7. Proof of Lemma 5.1.
(1) Let k > 4 be an even integer divisible by 4.
First, we consider the case N = 1. Then, we can write:
F ∗k,7(pi/2) = F
∗
k,7,1(pi/2) = 2 cos(kpi/4) +R
∗
7,pi/2
where R∗7,pi/2 denotes the remaining terms.
We have vk(c, d, pi/2) = 1/(c
2 + 7d2)k/2. Now we will consider the following cases: N = 2, 5, 10, 13,
17, and N > 25. We have
When N = 2, vk(1, 1, pi/2) 6 (1/8)
k/2.
When N = 5, vk(1, 2, pi/2) 6 (1/29)
k/2, vk(2, 1, pi/2) 6 (1/11)
k/2.
When N = 10, vk(1, 3, pi/2) 6 (1/8)
k, vk(3, 1, pi/2) 6 (1/4)
k.
When N = 13, vk(2, 3, pi/2) 6 (1/69)
k/2, vk(3, 2, pi/2) 6 (1/37)
k/2.
When N = 17, vk(1, 4, pi/2) 6 (1/113)
k/2, vk(4, 1, pi/2) 6 (1/23)
k/2.
When N > 25, c2 + 7d2 > N,
and the number of terms with c2 + d2 = N is not more than (144/35)N1/2 for N > 25. Then
|R∗7,pi/2|N>25 6
288
35(k − 3)
(
1
24
)(k−3)/2
.
Furthermore,
|R∗7,pi/2| 6 4
(
1
8
)k/2
+ 4
(
1
11
)k/2
+ · · ·+ 4
(
1
113
)k/2
+
288
35(k − 3)
(
1
24
)(k−3)/2
,
6 1.80820... (k > 4)
(2) First, we consider the case N = 1. Then, we can write:
F ∗4,7(5pi/6) = 2 cos(10pi/3) +R
∗
7,4 = 1 +R
∗
7,4
where
R∗7,4 6
1
2
∑
(c,d)=1
7∤d N>1
(cei5pi/12 +
√
7de−i5pi/12)−4 +
1
2
∑
(c,d)=1
7∤d N>1
(ce−i5pi/12 +
√
7dei5pi/12)−4.
We want to prove F ∗4,7(5pi/6) > 0, but it is too difficult to prove that |R∗7,4| < 1. However, we have
only to prove R∗7,4 > −1.
Let u0(c, d) := (ce
i5pi/12 +
√
7de−i5pi/12)−4 + (ce−i5pi/12 +
√
7dei5pi/12)−4, and let u(c, d) := u0(c, d) +
u0(c,−d) + u0(d, c) + u0(d,−c) for every pair (c, d) such that c 6= d and 7 ∤ c, and u1(c, d) := u0(c, d) +
u0(c,−d) for every pair (c, d) such that c = d or 7 | d. Now we will consider the following cases: N = 2,
5, 10,..., 197, and N > 202. We have the following:
When N = 2, u1(1, 1) > −0.08151.
When N = 5, u(1, 2) > −0.19373. When N = 10, u(1, 3) > 0.24147.
When N = 13, u(2, 3) > −0.02162. When N = 17, u(1, 4) > −0.07736.
When N = 25, u(3, 4) > −0.00313. When N = 26, u(1, 5) > −0.02262.
When N = 29, u(2, 5) > 0.03569. When N = 34, u(3, 5) > −0.00503.
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When N = 37, u(1, 6) > −0.00586. When N = 41, u(4, 5) > −0.00083.
When N = 50, u1(1, 7) > 0.00000. When N = 53, u1(2, 7) > 0.00000.
When N = 58, u1(3, 7) > 0.00000. When N = 61, u(5, 6) > −0.00033.
When N = 65, u(1, 8) + u1(4, 7) >− 0.00052.
When N = 73, u(3, 8) > 0.00692. When N = 74, u1(5, 7) > −0.00006.
When N = 82, u(1, 9) > −0.00014.
When N = 85, u(2, 9) + u1(6, 7) >− 0.00282.
When N = 89, u(5, 8) > −0.00064. When N = 97, u(4, 9) > 0.00099.
When N = 101, u(1, 10) > −0.00003. When N = 106, u(5, 9) > −0.00064.
When N = 109, u(3, 10) > −0.00014. When N = 113, u1(8, 7) > −0.00007.
When N = 122, u(1, 11) > 0.00002. When N = 125, u(2, 11) > −0.00073.
When N = 130, u(3, 11) + u1(9, 7) >− 0.00115.
When N = 137, u(4, 11) > 0.00195.
When N = 145, u(1, 12) + u(8, 9) >− 0.00003.
When N = 146, u(5, 11) > 0.00025. When N = 149, u1(10, 7) > −0.00014.
When N = 157, u(6, 11) > −0.00030. When N = 169, u(1, 2) > 0.00077.
When N = 170, u(1, 13) + u1(11, 7) >− 0.00015.
When N = 173, u(2, 13) > −0.00021. When N = 178, u(3, 13) > −0.00068.
When N = 181, u(9, 10) > −0.00004.
When N = 185, u(4, 13) + u(8, 11) >0.00003.
When N = 193, u1(12, 7) > −0.00018. When N = 194, u(5, 13) > 0.00093.
When N = 197, u1(1, 14) > 0.00000.
When N > 202, for the case of cd < 0, we put X + Y i = (cei5pi/12 +
√
7de−i5pi/12)2 = −(√3/2)(c2 +
7d2) + 2
√
7cd+ (1/2)(c2 − 7d2)i. Then, |Y | − |X | < −
√
3−1
2 c
2 −
√
3−1
2 d
2 + 2
√
7cd < 0. Thus, (cei5pi/12 +√
7de−i5pi/12)−4 + (ce−i5pi/12 +
√
7dei5pi/12)−4 > 0.
For the case of cd > 0, we have c2+7d2−√21|cd| > (2/9)N , and the number of terms with c2+d2 = N
is not more than (13/7)N1/2 for N > 144. However, this bound is too large. We must consider some
sub-cases.
For the case of |c| < |d|, we have c2 + 7d2 −√21|cd| > (3/2)N and |c| < (1/√2)N1/2, 1/√2 > 7/10.
For the case of |d| 6 |c| < (6/√21)|d|, we have c2 + 7d2 − √21|cd| > N and |c| < (6/√57)N1/2,
6/
√
57 > 7/9. For the case of (6/
√
21)|d| 6 |c| <
√
7/3|d|, we have c2 + 7d2 − √21|cd| > (1/2)N and
|c| <
√
7/10N1/2,
√
7/10 > 5/6. For the case of cd > 0 and
√
7/3|d| 6 |c| < (22/3√21)|d|, we have
c2 + 7d2 −√21|cd| > (1/3)N and |c| < (22/√673)N1/2, 22/√673 > 22/25.
In conclusion, we have
R∗7,4
∣∣∣
N>202,cd>0
> −13
7
( 7
10
N1/2
∑
N>202
(
3
2
N
)−k/2
+
7
90
N1/2
∑
N>202
N−k/2 +
1
18
N1/2
∑
N>202
(
1
2
N
)−k/2
+
7
150
N1/2
∑
N>202
(
1
3
N
)−k/2
+
3
25
N1/2
∑
N>202
(
2
9
N
)−k/2 )
,
= −13
7
(
7
10
· 4
9
+
7
90
· 1 + 1
18
· 4 + 7
150
· 9 + 3
25
· 81
4
) ∑
N>202
N (1−k)/2,
= − 7579
630
√
201
.
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Furthermore,
R∗7,4 > −0.13164−
7579
630
√
201
= −0.98018... (k > 4)
(3) Let k > 6 be an even integer.
First, we consider the case N = 1. Since 2pi/3 < pi/2 + α7, we can write:
F ∗k,7(θ) = F
∗
k,7,1(θ) = 2 cos(kθ/2) +R
∗
7,2pi/3 for θ ∈ [pi/2, 2pi/3],
where R∗7,2pi/3 denotes the remaining terms. Now we will consider the following cases: N = 2 and N > 5.
Considering −1/2 6 cos θ 6 0, we have
|R∗7,2pi/3| 6 2
(
1
8−√7
)k/2
+ 2
(
1
8
)k/2
+
576
7(k − 3)
(
7
20
)(k−3)/2
,
6 1.19293... (k > 6)
(4) Let k > 6 be an even integer.
First, we consider the case N = 1. Then, we can write:
F ∗k,7(θ) = F
∗
k,7,2(θ − 2pi/3) = 2 cos(k(θ − 2pi/3)/2) +R∗7,pi for θ ∈ [pi, 7pi/6],
where R∗7,pi denotes the remaining terms. Now we will consider the following cases: N = 2, 5, 10,..., 82,
and N > 85. Considering 0 6 cos θ 6 1/2, we have
When N = 2, 2k · vk(1, 1, θ) 6 (1/2)k/2, 2k · vk(1,−1, θ) 6
(
4/
(
8−
√
7
))k/2
.
When N = 5, vk(1, 2, θ) 6 (1/29)
k/2, vk(1,−2, θ) 6 1/
(
29− 2
√
7
)k/2
,
vk(2, 1, θ) 6 (1/11)
k/2, vk(2,−1, θ) 6 1/
(
11− 2
√
7
)k/2
.
When N = 10, 2k · vk(1, 3, θ) 6 (1/4)k, 2k · vk(1,−3, θ) 6
(
4/
(
64− 3
√
7
))k/2
,
2k · vk(3, 1, θ) 6 (1/2)k, 2k · vk(3,−1, θ) 6
(
4/
(
16− 3
√
7
))k/2
.
When N = 13, vk(2, 3, θ) 6 (1/69)
k/2, vk(2,−3, θ) 6 1/
(
69− 6
√
7
)k/2
,
vk(3, 2, θ) 6 (1/37)
k/2, vk(3,−2, θ) 6 1/
(
37− 6
√
7
)k/2
.
When N = 17, vk(1, 4, θ) 6 (1/113)
k/2, vk(1,−4, θ) 6 1/
(
113− 4
√
7
)k/2
,
vk(4, 1, θ) 6 (1/23)
k/2, vk(4,−1, θ) 6 1/
(
23− 4
√
7
)k/2
.
When N = 25, vk(3, 4, θ) 6 (1/11)
k, vk(3,−4, θ) 6 1/
(
121− 12
√
7
)k/2
,
vk(4, 3, θ) 6 (1/79)
k/2, vk(4,−3, θ) 6 1/
(
79− 12
√
7
)k/2
.
When N = 26, 2k · vk(1, 5, θ) 6 (1/44)k/2, 2k · vk(1,−5, θ) 6
(
4/
(
176− 5
√
7
))k/2
,
2k · vk(5, 1, θ) 6 (1/8)k/2, 2k · vk(5,−1, θ) 6
(
4/
(
32− 5
√
7
))k/2
.
When N = 29, vk(2, 5, θ) 6 (1/179)
k/2, vk(2,−5, θ) 6 1/
(
179− 10
√
7
)k/2
,
vk(5, 2, θ) 6 (1/53)
k/2, vk(5,−2, θ) 6 1/
(
53− 10
√
7
)k/2
.
When N = 34, 2k · vk(3, 5, θ) 6 (1/46)k/2, 2k · vk(3,−5, θ) 6
(
4/
(
184− 15
√
7
))k/2
,
2k · vk(5, 3, θ) 6 (1/22)k, 2k · vk(5,−3, θ) 6
(
4/
(
88− 15
√
7
))k/2
.
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When N = 37, vk(1, 6, θ) 6 (1/253)
k/2, vk(1,−6, θ) 6 1/
(
253− 6
√
7
)k/2
,
vk(6, 1, θ) 6 (1/43)
k/2, vk(6,−1, θ) 6 1/
(
43− 6
√
7
)k/2
.
When N = 41, vk(4, 5, θ) 6 (1/191)
k/2, vk(4,−5, θ) 6 1/
(
191− 20
√
7
)k/2
,
vk(5, 4, θ) 6 (1/137)
k/2, vk(5,−4, θ) 6 1/
(
137− 20
√
7
)k/2
.
When N = 50, 2k · vk(1, 7, θ) 6 (1/86)k/2, 2k · vk(1,−7, θ) 6
(
4/
(
344− 7
√
7
))k/2
,
When N = 53, vk(2, 7, θ) 6 (1/347)
k/2, vk(2,−7, θ) 6 1/
(
347− 14
√
7
)k/2
,
When N = 58, 2k · vk(3, 7, θ) 6 (1/88)k/2, 2k · vk(3,−7, θ) 6
(
4/
(
352− 21
√
7
))k/2
,
When N = 61, vk(5, 6, θ) 6 (1/277)
k/2, vk(5,−6, θ) 6 1/
(
277− 30
√
7
)k/2
,
vk(6, 5, θ) 6 (1/211)
k/2, vk(6,−5, θ) 6 1/
(
211− 30
√
7
)k/2
.
When N = 65, vk(1, 8, θ) 6 (1/449)
k/2, vk(1,−8, θ) 6 1/
(
449− 8
√
7
)k/2
,
vk(8, 1, θ) 6 (1/71)
k/2, vk(8,−1, θ) 6 1/
(
71− 8
√
7
)k/2
,
vk(4, 7, θ) 6 (1/359)
k/2, vk(4,−7, θ) 6 1/
(
359− 28
√
7
)k/2
,
When N = 73, vk(3, 8, θ) 6 (1/457)
k/2, vk(3,−8, θ) 6 1/
(
457− 24
√
7
)k/2
,
vk(8, 3, θ) 6 (1/127)
k/2, vk(8,−3, θ) 6 1/
(
127− 24
√
7
)k/2
.
When N = 74, 2k · vk(5, 7, θ) 6 (1/92)k/2, 2k · vk(5,−7, θ) 6
(
4/
(
368− 35
√
7
))k/2
,
When N = 82, 2k · vk(1, 9, θ) 6 (1/142)k/2, 2k · vk(1,−9, θ) 6
(
4/
(
568− 9
√
7
))k/2
,
2k · vk(9, 1, θ) 6 (1/22)k/2, 2k · vk(9,−1, θ) 6
(
4/
(
88− 9
√
7
))k/2
.
When N > 85, |ceiθ/2 ±
√
7de−iθ/2|2 > 5N/7,
and the number of terms with c2 + d2 = N is not more than (27/7)N1/2 for N > 64. Then
|R∗7,pi|N>85 6
1296
√
21
k − 3
(
1
15
)(k−3)/2
.
Furthermore,
|R∗7,pi| 6 2
(
4
8−√7
)k/2
+ · · ·+ 2
(
1
457
)k/2
+
1296
√
21
k − 3
(
1
15
)(k−3)/2
,
6 1.98681... (k > 6).
(5) Let k > 8 be an even integer.
First, we consider the case of N = 1. Since 5pi/6 < pi/2 + α5, we can write:
F ∗k,7(θ) = F
∗
k,7,1(θ) = 2 cos(kθ/2) +R
∗
7,5pi/6 for θ ∈ [pi/2, 5pi/6],
where R∗7,5pi/6 denotes the remaining terms. Now we will consider the following cases: N = 2, 5, 10, and
N > 13. Considering −√3/2 6 cos θ 6 0, we have
When N = 2, vk(1, 1, θ) 6 1/
(
8−
√
21
)k/2
, vk(1,−1, θ) 6 (1/8)k/2.
When N = 5, vk(1, 2, θ) 6 1/
(
29− 2
√
21
)k/2
, vk(1,−2, θ) 6 (1/29)k/2,
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vk(2, 1, θ) 6 1/
(
11− 2
√
21
)k/2
, vk(2,−1, θ) 6 (1/11)k/2.
When N = 10, vk(1, 3, θ) 6 1/
(
64− 3
√
21
)k/2
, vk(1,−3, θ) 6 (1/8)k,
vk(3, 1, θ) 6 1/
(
16− 3
√
21
)k/2
, vk(3,−1, θ) 6 (1/4)k.
When N > 13, |ceiθ/2 ±
√
7de−iθ/2|2 > 2N/9,
and the number of terms with c2 + d2 = N is not more than (36/7)N1/2 for N > 13. Then
|R∗7,5pi/6|N>13 6
1728
√
3
7(k − 3)
(
3
8
)(k−3)/2
.
Furthermore,
|R∗7,pi/2| 6 2
(
1
11− 2√21
)k/2
+ · · ·+ 2
(
1
8
)k
+
1728
√
3
7(k − 3)
(
3
8
)(k−3)/2
,
6 1.96057... (k > 8).

In the proofs of the remaining lemmas, we will use the algorithm of the subsection 3.7. Furthermore,
we have X1 = vk(2, 1, θ1)
−2/k > 1 + 2
√
3t(pi/k) and X2 = vk(3, 1, θ1)
−2/k > 1 + 3
√
3t(pi/k) in the proof
of lemmas 5.2 (1)–(3), 5.3, and 5.5, and we have X1 = (1/4) vk(1,−1, θ2)−2/k > 1 + (
√
3/2)t(pi/k) and
X2 = (1/4) vk(3,−1, θ2)−2/k > 1 + (3
√
3/2)t(pi/k) in the proof of lemmas 5.2 (4)–(7), 5.4, and 5.6.
5.8. Proof of Lemma 5.2.
We have c0 6 cos(c0
′pi).
(1) Let (t, b, s, k0) = (1/3, 28, 3, 10), then we can define a1 := 53/10. Furthermore, let
(c1
′, c0,1, a1,1, u1) = (1, 5/14, 53/14, 2
√
3/3), then we can define c1 := 14/5, a2,1 := 34, and then we
have Y1 = 0.98063... > 0. Also, let (c2
′, c0,2, a1,2, u2) = (1, 1/7, 53/35,
√
3), then we can define c2 := 7,
a2,2 := 84, and then we have Y2 = 0.043547... > 0.
(2) Let (t, b, s, k0) = (8/25, 7, 3, 80), then a1 := 1/100. Furthermore, let
(c1
′, c0,1, a1,1, u1) = (1, 11/60, 1/200, 16
√
3/25), then c1 := 60/11, a2,1 := 1/5, and then Y1 = 0.014518... >
0. Also, let (c2
′, c0,2, a1,2, u2) = (1, 11/120, 1/200, 24
√
3/25), then c2 := 120/11, a2,2 := 3/5, and then
Y2 = 0.29298... > 0.
(3) Let (t, b, s, k0) = (1/3, 13/20, 3, 22), then a1 := 1/100. Furthermore, let
(c1
′, c0,1, a1,1, u1) = (1, 4/15, 1/200, 2
√
3/3), then c1 := 15/4, a2,1 := 1/10, and then Y1 = 0.80485... > 0.
Also, let (c2
′, c0,2, a1,2, u2) = (1, 2/15, 1/200,
√
3), then c2 := 15/2, a2,2 := 3/10, and then Y2 =
0.96810... > 0.
(4) When k = 8, let (t, b, s, k0) = (1/2, 583/100, 2, 8), then a1 := 2363/500. Furthermore, let
(c1
′, c0,1, a1,1, u1) = (1, 3
√
3/8, 177/50,
√
3/4), then c1 := 8/(3
√
3), a2,1 := 1063/100, and then X1 −
(8/(3
√
3))2/k{1 + (2 · 1122a2,1)/(8k3/(3
√
3))} > 0.00012586... > 0. Also, let
(c2
′, c0,2, a1,2, u2) = (1,
√
3/8, 593/500, 3
√
3/4), then c2 := 8/
√
3, a2,2 := 321/10, and thenX2−(8/
√
3)2/k{1+
(2 · (1/2)2a2,1)/(8k3/
√
3)} > 0.00031002... > 0.
When k > 10, let (t, b, s, k0) = (1/2, 16/5, 2, 10), then a1 := 21/10. Furthermore, let
(c1
′, c0,1, a1,1, u1) = (1, 3
√
3/8, 7/5,
√
3/4), then c1 := 8/(3
√
3), a2,1 := 4, and then Y1 = 0.31693... > 0.
Also, we let
(c2
′, c0,2, a1,2, u2) = (1,
√
3/8, 7/10, 3
√
3/4), then c2 := 8/
√
3, a2,2 := 17, and then Y2 = 0.13820... > 0.
(5) Let (t, b, s, k0) = (2/3, 203/100, 2, 26), then a1 := 1/50. Furthermore, let
(c1
′, c0,1, a1,1, u1) = (1, 5/12, 1/60,
√
3/3), then c1 := 12/5, a2,1 := 1/10, and then X1 − (12/5)2/k{1 +
(2 · (2/3)2a2,1)/(12k3/5)} > 0.0032434... > 0 for k = 26 and Y1 = 0.026412... > 0 for k > 44. Also,
let (c2
′, c0,2, a1,2, u2) = (1, 1/12, 1/300,
√
3), then c2 := 12, a2,2 := 1/2, and then X2 − 122/k{1 + (2 ·
(2/3)2a2,2)/(12k
3)} > 0.0081241... > 0 for k = 26 and Y2 = 0.15714... > 0 for k > 44.
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(6) Let (t, b, s, k0) = (1/2, 41/20, 2, 70), then a1 := 1/100. Furthermore, let
(c1
′, c0,1, a1,1, u1) = (1, 14/25, 1/200,
√
3/4), then c1 := 25/14, a2,1 := 1/50, and then Y1 = 0.19093... > 0.
Also, let (c2
′, c0,2, a1,2, u2) = (1, 7/50, 1/200, 3
√
3/4), then c2 := 50/7, a2,2 := 3/10, and then Y2 =
0.031950... > 0.
(7) Let (t, b, s, k0) = (1/2, 41/20, 2, 200), then a1 := 1/100. Furthermore, let
(c1
′, c0,1, a1,1, u1) = (1, 4883/9600, 1/200,
√
3/4), then c1 := 9600/4883, a2,1 := 1/50, and then Y1 =
0.0037408... > 0. Also, let (c2
′, c0,2, a1,2, u2) = (1, 257/1920, 1/200, 3
√
3/4), then c2 := 3/10, a2,2 :=
1920/257, and then Y2 = 0.017771... > 0.

5.9. Proofs of lemmas 5.3, 5.4, 5.5, and 5.6.
Proof of Lemma 5.3 We have c0 6 cos(c0
′pi) = − cos((x/180)pi − (t/2)pi). We define d1,1 := 75/26 and
d1,2 := 100/51 for k > 80 and t < 1/2. Furthermore, when 3217pi/4500 6 (x/180)pi < α7,k < (y/180)pi 6
3pi/4, we have pi < 2pi/3 + (x/180)pi + d1,1(t/2)pi < α7,k,1
′ < 2pi/3 + (y/180)pi + (3t/2)pi < 2pi and
3pi/2 < 4pi/3+ (x/180)pi− tpi < α7,k,2′ < 4pi/3+ (y/180)pi− d1,2(t/2)pi < 2pi for the t that appears in the
Lemma. Thus, we can define c1
′ such that c1′ > Max{0, cos(2pi/3 + (y/180)pi + (3t/2)pi)} and c2′ such
that c2
′ > cos(4pi/3 + (y/180)pi − d1,2(t/2)pi).
For every item, we have (b, s) = (7, 3), then we can define a1 := 1/100.
(1) Let (c1
′, c0,1, a1,1, u1) = (396677/500000, (23/36)(80639/250000), 1/200,
√
3/2),
then c1 := 7140486/1854697, a2,1 := 1/10, and then Y1 = 0.0072158... > 0.
Also, let (c2
′, c0,2, a1,2, u2) = (873623/1000000, (13/36)(80639/250000), 1/200, 3
√
3/4),
then c2 := 7862607/1048307, a2,2 := 2/5, and then Y2 = 0.012126... > 0.
(2) Let (c1
′, c0,1, a1,1, u1) = (152277/250000, (13/24)(365283/1000000), 1/200, 83
√
3/200),
then c1 := 1624288/527631, a2,1 := 1/10, and then Y1 = 0.0058972... > 0.
Also, let (c2
′, c0,2, a1,2, u2) = (905439/1000000, (11/24)(365283/1000000), 1/200, 249
√
3/400),
then c2 := 2414504/446757, a2,2 := 1/5, and then Y2 = 0.0037228... > 0.
(3) Let (c1
′, c0,1, a1,1, u1) = (18377/40000, (53/120)(201373/500000), 1/200, 7
√
3/20),
then c1 := 27565500/10672769, a2,1 := 1/200, and then Y1 = 0.0046808... > 0.
Also, let (c2
′, c0,2, a1,2, u2) = (116867/125000, (67/120)(201373/500000), 1/200, 21
√
3/40),
then c2 := 56096160/13491991, a2,2 := 1/200, and then Y2 = 0.0021192... > 0.
(4) Let (c1
′, c0,1, a1,1, u1) = (46421/125000, (449/1200)(423883/1000000), 1/200, 47
√
3/150),
then c1 := 445641600/190323467, a2,1 := 1/10, and then Y1 = 0.0019413... > 0.
Also, let (c2
′, c0,2, a1,2, u2) = (950261/1000000, (751/1200)(423883/1000000), 1/200, 47
√
3/100),
then c2 := 1140313200/318336133, a2,2 := 1/10, and then Y2 = 0.0022918... > 0.
(5) Let (c1
′, c0,1, a1,1, u1) = (301039/1000000, (227/720)(441819/1000000), 1/200, 71
√
3/250),
then c1 := 24083120/11143657, a2,1 := 1/10, and then Y1 = 0.0028859... > 0.
Also, let (c2
′, c0,2, a1,2, u2) = (961843/1000000, (493/720)(441819/1000000), 1/200, 213
√
3/500),
then c2 := 156080/49091, a2,2 := 1/10, and then Y2 = 0.0019675... > 0.
(6) Let (c1
′, c0,1, a1,1, u1) = (50093/200000, (971/3600)(454379/1000000), 1/200, 263
√
3/1000),
then c1 := 901674000/441202009, a2,1 := 1/10, and then Y1 = 0.00056409... > 0.
Also, let (c2
′, c0,2, a1,2, u2) = (969421/1000000, (2629/3600)(454379/1000000), 1/200, 789
√
3/2000),
then c2 := 3489915600/1194562391, a2,2 := 1/10, and then Y2 = 0.00013254... > 0..
(7) Let (c1
′, c0,1, a1,1, u1) = (204497/1000000, (407/1800)(58279/125000), 1/200, 61
√
3/250),
then c1 := 46011825/23719553, a2,1 := 1/10, and then Y1 = 0.0016244... > 0.
Also, let (c2
′, c0,2, a1,2, u2) = (243913/250000, (1393/1800)(58279/125000), 1/200, 183
√
3/500),
then c2 := 219521700/81182647, a2,2 := 1/10, and then Y2 = 0.000069553... > 0.
(8) Let (c1
′, c0,1, a1,1, u1) = (167767/1000000, (341/1800)(475839/1000000), 1/200, 143
√
3/625),
then c1 := 33553400/18029011, a2,1 := 1/5, and then Y1 = 0.0019071... > 0.
Also, let (c2
′, c0,2, a1,2, u2) = (980209/1000000, (1459/1800)(475839/1000000), 1/200, 429
√
3/1250),
then c2 := 196041800/77138789, a2,2 := 1/10, and then Y2 = 0.00030133... > 0.
(9) Let (c1
′, c0,1, a1,1, u1) = (141593/1000000, (13/80)(482823/1000000), 1/200, 109
√
3/500),
then c1 := 11327440/6276699, a2,1 := 1/5, and then Y1 = 0.0047590... > 0.
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Also, let (c2
′, c0,2, a1,2, u2) = (39327/40000, (67/80)(482823/1000000), 1/200, 327
√
3/1000),
then c2 := 26218000/10783047, a2,2 := 1/10, and then Y2 = 0.00081355... > 0. 
Proof of Lemma 5.4 We have cos(c0
′pi) = cos((y/180)pi − 2pi/3 − (t/2)pi). We define d2,1 := 750/511
and d2,2 := 250/533 for k > 62 and t < 1. Furthermore, when 2pi/3 6 (x/180)pi < α7,k < (y/180)pi 6
266pi/375, we have 0 6 (x/180)pi− 2pi/3 < β7,k < (y/180)pi− 2pi/3 6 16pi/375, pi/2 < 4pi/3+ (x/180)pi−
2pi/3− (3t/4)pi < β7,k,1′ < 4pi/3 + (y/180)pi − 2pi/3− d2,1(t/2)pi < 3pi/2, and pi/2 < 2pi/3 + (x/180)pi −
2pi/3 + d2,2(t/2)pi < β7,k,2
′ < 2pi/3 + (y/180)pi − 2pi/3 + (t/4)pi < pi. Thus, we can define c2′ such that
c2
′ > − cos(2pi/3 + (y/180)pi − 2pi/3 + (t/4)pi).
For each item, let (b, s) = (3, 2), then we can define a1 := 1/100.
(1) Let (c1
′, c0,1, a1,1, u1) = (1, (193/240)(330983/500000), 1/200, 93
√
3/400),
then c1 := 120000000/63879719, a2,1 := 1/50, and then Y1 = 0.000019362... > 0..
Also, let (c2
′, c0,2, a1,2, u2) = (422281/500000, (47/240)(330983/500000), 1/200, 279
√
3/400),
then c2 := 101347440/15556201, a2,2 := 3/10, and then Y2 = 0.010264... > 0.
For the following items, we can define c1
′ such that c1′ > − cos(4pi/3 + (x/180)pi − 2pi/3− (3t/4)pi).
(2) Let (c1
′, c0,1, a1,1, u1) = (467413/500000, (269/360)(197271/250000), 1/200, 17
√
3/100),
then c1 := 9348260/5896211, a2,1 := 1/10, and then Y1 = 0.0024253... > 0.
Also, let (c2
′, c0,2, a1,2, u2) = (158883/200000, (91/360)(197271/250000), 1/200, 51
√
3/100),
then c2 := 7944150/1994629, a2,2 := 1/10, and then Y2 = 0.0034755... > 0.
(3) Let (c1
′, c0,1, a1,1, u1) = (442697/500000, (717/1000)(103593/125000), 1/200, 11
√
3/75),
then c1 := 110674250/74276181, a2,1 := 1/50, and then Y1 = 0.00015159... > 0.
Also, let (c2
′, c0,2, a1,2, u2) = (193819/250000, (283/1000)(103593/125000), 1/200, 11
√
3/25),
then c2 := 96909500/29316819, a2,2 := 1/10, and then Y2 = 0.00011691... > 0.
(4) Let (c1
′, c0,1, a1,1, u1) = (843111/1000000, (83/120)(856447/1000000), 1/200, 13
√
3/100),
then c1 := 101173320/71085101, a2,1 := 1/50, and then Y1 = 0.0012177... > 0.
Also, let (c2
′, c0,2, a1,2, u2) = (151809/200000, (37/120)(856447/1000000), 1/200, 39
√
3/100),
then c2 := 91085400/31688539, a2,2 := 1/10, and then Y2 = 0.0082259... > 0. 
Proof of Lemma 5.5 We have cos(c0
′pi) = − cos((x/180)pi − (t/2)pi). Furthermore, when 2pi/3 6
(x/180)pi < α7,k < (y/180)pi 6 3pi/4, we have 2pi < 4pi/3 + (x/180)pi + d1,1(t/2)pi < α7,k,1
′ < 4pi/3 +
(y/180)pi+(3t/2)pi < 3pi and pi/2 < 2pi/3+(x/180)pi−tpi < α7,k,2′ < 2pi/3+(y/180)pi−d1,2(t/2)pi < 3pi/2.
Thus, we can define c2
′ = 0.
For every item, we have (b, s) = (7, 3), then we can define a1 := 1/100.
(1) Let (c1
′, c0,1, a1,1, u1) = (1, 176/625, 1/100, 59
√
3/125), then c1 := 625/176, a2,1 := 1/5, and then
Y1 = 0.0059892... > 0.
We define d1,1 := 30/11 for k > 50 and t < 3/4. Then, we can define c1
′ such that c1′ > − cos(4pi/3+
(x/180)pi + d1,1(t/2)pi).
(2) Let (c1
′, c0,1, a1,1, u1) = (12/25, 13/100, 1/100,
√
3/2), then c1 := 48/13, a2,1 := 3/10, and then Y1 =
0.073156... > 0. 
Proof of Lemma 5.6 We have cos(c0
′pi) = cos((y/180)pi − pi/3 + (t/2)pi). Furthermore, when 13pi/36 6
(x/180)pi < α7,k < (y/180)pi 6 5pi/9, we have pi/36 6 (x/180)pi − 2pi/3 < β7,k < (y/180)pi − 2pi/3 6
2pi/9, 0 < 2pi/3 + (x/180)pi − 2pi/3 − (3t/4)pi < β7,k,1′ < 2pi/3 + (y/180)pi − 2pi/3 − d2,1(t/2)pi < pi,
and pi < 4pi/3 + (x/180)pi − 2pi/3 + d2,2(t/2)pi < β7,k,2′ < 4pi/3 + (y/180)pi − 2pi/3 + (t/4)pi < 2pi.
Thus, we can define c1
′ such that c1′ > − cos(2pi/3 + (y/180)pi − 2pi/3 − d2,1(t/2)pi), and c2′ such that
c2
′ >Max{0,− cos(4pi/3 + (x/180)pi − 2pi/3 + d2,2(t/2)pi)}.
(1) We define d2,1 := 30/23 and d2,2 := 10/29 for k > 10 and t < 17/36. Let (t, b, s, k0) = (2/5, 16/5, 2, 10),
then a1 := 16/5.
Let (c1
′, c0,1, a1,1, u1) = (2257/10000, (3/4)(203/500), (3/4)(16/5),
√
3/5), then c1 := 2257/3045, a2,1 :=
67/10, and then Y1 = 1.4014... > 0.
Also, let (c2
′, c0,2, a1,2, u2) = (109/500, (1/4)(203/500), (1/4)(16/5), 3
√
3/5), then c2 := 436/203, a2,2 :=
20, and then Y2 = 1.2571... > 0.
(2) We define d2,1 := 10/7 and d2,2 := 10/23 for k > 28 and t < 2/3. Let (t, b, s, k0) = (2/5, 41/20, 2, 28),
then a1 := 1/25. Now, we can define c2
′ = 0.
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Let (c1
′, c0,1, a1,1, u1) = (637/2000, 2419/10000, 1/25,
√
3/5), then c1 := 3185/2419, a2,1 := 3/10, and
then Y1 = 0.53163... > 0. 
5.10. Proofs of lemmas 5.7 and Lemma 5.8.
Proof of Lemma 5.7 We haveX1 = vk(2, 1, θ1)
−2/k > 1+2
√
3t(pi/k), X2 = vk(3, 1, θ1)
−2/k 6 e−3
√
3(t/2)pi.
We define d1,1 := 75/26 and d1,2 := 100/51 for k > 46 and t < 1/3. Furthermore, when 73pi/120 6
(x/180)pi < α7,k < (y/180)pi 6 2pi/3, we have 2pi < 4pi/3 + (x/180)pi + d1,1(t/2)pi < α7,k,1
′ < 4pi/3 +
(y/180)pi+(3t/2)pi < 5pi/2 and pi < 2pi/3+(x/180)pi−tpi < α7,k,2′ < 2pi/3+(y/180)pi−d1,2(t/2)pi < 3pi/2.
Then, we have Sign{cos (kθ1/2)} = Sign{Re(3e−iθ1/2 +
√
7eiθ1/2)−k}. Thus, we can define c0 such that
c0 6 − cos((x/180)pi− (t/2)pi)+c2′′e−3
√
3(t/2)pi and c1
′ such that c1′ > cos(4pi/3+(x/180)pi+d1,1(t/2)pi),
where c2
′′ 6 − cos(2pi/3 + (y/180)pi − d1,2(t/2)pi).
For every item, we have (b, s) = (7, 3), then we can define a1 := 1/100.
(1) Let (c1
′, c0,1, a1,1, u1) = (854381/1000000, 23487/62500, 1/100, 23
√
3/75),
then c1 := 854381/375792, a2,1 := 1/10, and then Y1 = 0.0092228... > 0.
(2) Let (c1
′, c0,1, a1,1, u1) = (480483/500000, 139811/250000, 1/100,
√
3/5),
then c1 := 480483/279622, a2,1 := 1/10, and then Y1 = 0.0047822... > 0.
(3) Let (c1
′, c0,1, a1,1, u1) = (991419/1000000, 170601/250000, 1/100, 86
√
3/625),
then c1 := 330473/227468, a2,1 := 1/10, and then Y1 = 0.0014263... > 0.
(4) Let (c1
′, c0,1, a1,1, u1) = (998509/1000000, 751257/1000000, 1/100, 21
√
3/200),
then c1 := 998509/751257, a2,1 := 1/10, and then Y1 = 0.0021540... > 0.
Proof of Lemma 5.8 We have X1 = (1/4) vk(1,−1, θ2)−2/k > 1+t(pi/k), X2 = (1/4) vk(3,−1, θ2)−2/k 6
e−(3
√
3/2)(t/2)pi. We define d2,1 := 25/17 and d2,2 := 25/53 for k > 46 and t < 5/18. Furthermore, when
5pi/9 6 (x/180)pi < α7,k < (y/180)pi 6 217pi/360, we have 2pi/9 6 (x/180)pi − pi/3 < β7,k < (y/180)pi −
pi/3 6 97pi/360, pi/2 < 2pi/3+(x/180)pi−pi/3−(3t/4)pi < β7,k,1′ < 2pi/3+(y/180)pi−pi/3−d2,1(t/2)pi < pi,
and 3pi/2 < 4pi/3 + (x/180)pi − pi/3 + d2,2(t/2)pi < β7,k,2′ < 4pi/3 + (y/180)pi − pi/3 + (t/4)pi < 2pi for
the t appearing in the Lemma. Thus, we can define c0 such that c0 6 cos((y/180)pi − pi/3 + (t/2)pi) +
c2
′′e−(3
√
3/2)(t/2)pi and c1
′ such that c1′ > cos(2pi/3+(y/180)pi−pi/3−d2,1(t/2)pi), where c2′′ > cos(4pi/3+
(x/180)pi − pi/3 + d2,2(t/2)pi).
For every item, we have (b, s) = (3, 2), then we can define a1 := 1/100.
(1) Let (c1
′, c0,1, a1,1, u1) = (591931/1000000, 405981/1000000, 1/100, 3
√
3/20),
then c1 := 591931/405981, a2,1 := 1/10, and then Y1 = 0.055699... > 0.
(2) Let (c1
′, c0,1, a1,1, u1) = (187477/250000, 111413/200000, 1/100, 11
√
3/100),
then c1 := 749908/557065, a2,1 := 1/10, and then Y1 = 0.0031102... > 0.
(3) Let (c1
′, c0,1, a1,1, u1) = (832649/1000000, 666201/1000000, 1/100, 33
√
3/400),
then c1 := 832649/666201, a2,1 := 1/10, and then Y1 = 0.0027742... > 0.
(4) Let (c1
′, c0,1, a1,1, u1) = (218173/250000, 728483/1000000, 1/100,
√
3/15),
then c1 := 872692/728483, a2,1 := 1/10, and then Y1 = 0.0014577... > 0.
(5) Let (c1
′, c0,1, a1,1, u1) = (447639/500000, 38427/50000, 1/100, 113
√
3/2000),
then c1 := 149213/128090, a2,1 := 1/10, and then Y1 = 0.0021090... > 0.
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